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Abstract
A general technique is presented for constructing a quantum the-
ory of a finite number of interacting particles satisfying Poincare´ in-
variance, cluster separability, and the spectral condition. Irreducible
representations and Clebsch-Gordan coefficients of the Poincare´ group
are the central elements of the construction. A different realization of
the dynamics is obtained for each basis of an irreducible representa-
tion of the Poincare´ group. Unitary operators that relate the different
realizations of the dynamis are constructed. This technique is distin-
guished from other solutions [1] [2] of this problem because it does not
depend on the kinematic subgroups of Dirac’s forms [3] of dynamics.
Special basis choices lead to kinematic subgroups.
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1 Introduction
This article illustrates a general method for constructing a relativistic quan-
tum theory of N -interacting particles. The theory has a dynamical unitary
representation of the Poincare´ group, satisfies cluster separability, and has a
four-momentum operator with spectrum in the future-pointing cone. These
are the minimal elements of any physically motivated axioms of relativistic
quantum theory.
Relativistic quantum theory of particles falls between non-relativistic
quantum theory and local relativistic quantum field theory. It is interesting
because it provides a mathematically well-defined framework for realizing the
symmetry of special relativity in quantum theories. This makes it useful for
applications to systems of a few strongly interacting particles.
The relativistic quantum theory constructed in this paper has many prop-
erties of local relativistic quantum field theory[4]. Both are quantum theories
satisfying Poincare´ invariance, cluster separability, and the spectral condi-
tion. The most significant distinction between the two theories is that local
relativistic quantum field theory satisfies a microscopic locality constraint,
which requires an infinite number of degrees of freedom.
The absence of theories that are simultaneously consistent with the ax-
ioms of local quantum field theory and applicable to realistic systems sug-
gests that mathematically well behaved alternatives might be well suited to
applications involving strongly interacting particles.
The essential features of quantum theory of particles are:
1. The model Hilbert space is the finite tensor product of single-particle
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Hilbert spaces. This defines the degrees of freedom of the model.
2. There is a unitary representation of the Poincare´ group Uˆ(Λ, Y ) on the
model Hilbert space. This ensures that the quantum probabilities are
independent of inertial frame. This representation necessarily contains
the dynamics.
3. The four-momentum operators, which are the infinitesimal generators
of the space-time translation subgroup of Uˆ(Λ, Y ), have a spectrum in
the future-pointing light cone. This ensures the stability of the theory.
4. The operator Uˆ(Λ, y) can be approximated by a tensor product of
Uˆi(Λ, y)’s on vectors describing subsets of particles in asymptotically
separated regions. This justifies experiments on isolated sub-systems
and provides the relation between few- and many-body systems.
5 The scattering operator is unitary and Poincare´ invariant.
While relativistic quantum theory of particles is useful, independent of a
relation to local quantum field theory, any local field theory should be well
approximated by a quantum theory of particles when it is applied to reactions
involving a finite number of particles. Because the defining requirements of
relativistic quantum theory of particles are a subset of the axioms of local
relativistic quantum field theory, the consequences of these requirements on
the structure of the models of interacting particles are the same in both
theories.
The Poincare´ symmetry makes the problem of constructing a dynamical
theory difficult. Poincare´ covariance of the dynamics involves non-linear
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constraints. The requirement that these constraints are preserved when the
system is separated into isolated subsystems introduces additional non-linear
constraints. These difficulties were recognized by Dirac [3] and have been
pointed out in a recent text by Weinberg[5].
The essential role of unitary representations of the Poincare´ group in rela-
tivistic quantum theory was first emphasized by Wigner [6] in 1939. Most ap-
plications to finite systems of interacting particles cite Dirac’s [3] 1949 paper,
which identified the essential difficulty and introduced kinematic subgroups
associated with different “forms of dynamics”. These subgroups, which re-
duce the number of constraints on the interactions, have played a role in all
subsequent theoretical development.
The problem of constructing interacting unitary representations of the
Poincare´ group was first solved for the two-particle system by Bakamjian and
Thomas [7] in 1953. A three-particle solution satisfying S-matrix clustering
was given by Coester in 1965 [8]. The first complete solution of the problem
for N particles was given by Sokolov in 1977 [1]. A general solution in all of
Dirac’s forms of dynamics appears in [2][9].
Relativistic quantum theory of particles is a practical framework for appli-
cations to few-hadron [10][11][12][13] [14][15][16][17] and few-quark systems
[18][19][20][21][22]. All of these application are formulated in one of Dirac’s
forms of dynamics; they are limited to systems where cluster properties can
be trivially realized.
The construction in this paper is directly motivated by Wigner’s 1939
paper and makes essential use of irreducible representations of the Poincare´
group. It generalizes the two-body construction of [23] and leads to a rela-
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tivistic N-body dynamics satisfying cluster properties and the spectral con-
dition. Groups of unitary transformations that preserve the S-matrix and
cluster properties are constructed. In the general construction all of the
Poincare´ generators may be interaction dependent. The kinematic subgroup
symmetries can be implemented by imposing additional constraints on the
general construction.
The resulting dynamics has interactions in between three and ten of the
Poincare´ generators. Unitary operators that preserve the S-matrix and clus-
ter properties redistribute the interactions in ways that may be advantageous
for different applications. These unitary operators are elements of a C∗ al-
gebra of asymptotic constants, which is relevant for identifying physically
equivalent theories.
This paper is organized as follows. Section two contains a brief account of
Wigner’s formulation of relativistic quantum mechanics, which is central to
the construction in this paper. Sections three to six summarize the group the-
ory that is needed to construct the required representations. These sections
discuss inhomogeneous SL(2, C) (ISL(2, C)), which is the covering group of
the Poincare´ group, irreducible representations of ISL(2, C), and Clebsch-
Gordan coefficients of ISL(2, C). Section seven provides an introduction to
relativistic scattering theory, which is used in the general construction. This
formulation of scattering theory does not assume the existence of a kinematic
subgroup. Section eight introduces the cluster separability condition. Sec-
tion nine introduces the C∗ algebra of asymptotic constants and its unitary
elements, which are called scattering equivalences. This algebra provides
a functional calculus of non-commuting operators that is used to establish
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cluster properties. Section ten introduces the Mo¨bius and Zeta function of
the lattice of partitions. These combinatoric tools, which generalize standard
Ursell cumulant expansions, are used extensively in the construction of the
N -body dynamics. Section eleven contains the general solution of the two-
body problem, which is the starting point of the recursive construction, and
section twelve contains the recursive N-body construction. Section thirteen
constructs scattering and cluster equivalences that relate dynamical mod-
els that utilize different bases. Section fourteen has conclusions. Technical
aspects of the construction are included in the four appendices.
2 Relativity in Quantum Mechanics
In 1939 Wigner [6] showed that the relativistic invariance of all quantum
probabilities
Pψφ := |〈ψ|φ〉|2 (1)
is equivalent to the existence of a unitary representation of the Poincare´
group. This was refined by Bargmann in 1954 [24] who observed that the
dynamics could be realized by a single valued unitary representation of the
covering group, ISL(2, C), of the Poincare´ group. The central problem of rel-
ativistic quantum mechanics is to construct a unitary representation Uˆ [Λ, Y ]
of ISL(2, C) which implements the dynamics.
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3 Inhomogeneous SL(2, C)
In this section ISL(2, C) is defined and related to the Poincare´ group. Ele-
ments of ISL(2, C) consist of ordered pairs of complex 2×2 matrices (Λ, Y ),
where Λ has determinant 1 and Y is Hermitian. The group product is
(Λ2, Y2)(Λ1, Y1) = (Λ2Λ1,Λ2Y1Λ
†
2 + Y2). (2)
The relation to four-dimensional Poincare´ transformations follows by rep-
resenting four vectors xµ by 2× 2 Hermitian matrices X :
X := xµσµ x
µ =
1
2
Tr(Xσµ) (3)
where σ0 is the identity and σi are the Pauli matrices. In this matrix repre-
sentation ISL(2, C) transformations are affine transformations of the form
X ′ = ΛXΛ† + Y . (4)
Any Poincare´ transformation continuously connected to the identity can be
represented in the form (4).
Elements of ISL(2, C) can be parameterized by three components of a
rotation vector ~θ, three components of a rapidity vector ~ρ, and a space-time
translation four vector yµ:
Λ(~θ, ~ρ ) = e−
i
2
(~θ+i~ρ )·~σ Y (y) := yµσµ. (5)
Thus, the relativistic quantum dynamics, Uˆ [Λ, Y ], satisfies:
Uˆ †[Λ, Y ] = Uˆ−1[Λ, Y ] = Uˆ [Λ−1,−Λ−1Y (Λ−1)†] (6)
and
Uˆ [Λ2, Y2]Uˆ [Λ1, Y1] = Uˆ [Λ2Λ1,Λ2Y1Λ
†
2 + Y2]. (7)
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4 ISL(2, C) Generators
The infinitesimal generators of Uˆ [Λ, Y ] are defined. These operators are
used to identify a maximal set of commuting self-adjoint operators. For
structureless particles the eigenvalues of these commuting operators label
the state of the particle. The spectrum of these operators is determined by
the eigenvalues of the invariant mass and spin operators, which define an
irreducible subspace, and group theoretic considerations. The single-particle
Hilbert space is the space of square integrable functions of these eigenvalues.
The ten parameters yµ, ~θ, ~ρ have the property that if any nine of them are
set to zero, the group becomes a one-parameter unitary group with respect
to the remaining parameter. These unitary one-parameter groups necessarily
have the form Uˆ(λ) = e−iλGˆ for a self-adjoint operator Gˆ [25] . Thus a unitary
representation Uˆ [Λ, Y ] of ISL(2, C) can be parameterized as:
Uˆ
[
Λ(~θ, ~ρ ), I
]
= e−i(
~θ· ~ˆJ+~ρ· ~ˆK) (8)
Uˆ [I, Y (y)] = ei(~y·
~ˆP−y0Hˆ) (9)
with self-adjoint generators Hˆ, ~ˆP , ~ˆJ and ~ˆK.
The commutation relations of the generators follow from the group rep-
resentation property (7) and the definition (8)(9) of the generators[29]. The
commutation relations are consistent with Pˆ µ := (Hˆ, ~ˆP ) transforming as a
four-vector operator
Uˆ [Λ, 0]Pˆ µUˆ †[Λ, 0] = Pˆ νΛν
µ (10)
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and
Jˆµν :=


0 Kˆ1 Kˆ2 Kˆ3
−Kˆ1 0 Jˆ3 −Jˆ2
−Kˆ2 −Jˆ3 0 Jˆ1
−Kˆ3 Jˆ2 −Jˆ1 0


(11)
transforming as a rank-two antisymmetric tensor operator:
Uˆ [Λ, 0]JˆµνUˆ †[Λ, 0] = JˆαβΛα
µΛβ
ν . (12)
The Pauli-Lubanski vector Wˆ µ is a four-vector valued function of Pˆ µ and
Jˆµν :
Wˆ µ :=
1
2
ǫµαβγ PˆαJˆβγ (13)
satisfying
[Jˆ j, Wˆ k]− = iǫ
jklWˆ l [Jˆ j , Wˆ 0]− = 0 (14)
[Kˆj , Wˆ k]− = −iδjkWˆ 0 [Kˆj , Wˆ 0]− = −iWˆ j (15)
[Pˆ µ, Wˆ ν ]− = 0 (16)
[Wˆ µ, Wˆ ν]− = iǫ
µνρηWˆρPˆη Wˆ
µPˆµ = 0. (17)
The scalar operators
Mˆ2 = −Pˆ µPˆµ (18)
and
Wˆ 2 = Wˆ µWˆµ (19)
are the two independent invariant polynomial functions of the generators [26]
of ISL(2, C).
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When the spectrum of the mass operator is positive, the spin-squared
operator is defined by
jˆ2 :=
Wˆ 2
Mˆ2
. (20)
5 Irreducible Representations of ISL(2, C)
The Hilbert space for an N-particle system is the tensor product of single
particle Hilbert spaces. Single particle Hilbert spaces are irreducible repre-
sentation spaces of ISL(2, C). The irreducible representations are labeled
by the mass and spin of a particle. Eigenvalues of additional commuting
self-adjoint functions of the ISL(2, C) generators are needed to specify the
state of the particle. Simultaneous eigenstates of the commuting self-adjoint
operators define a basis in the irreducible representation space. The sin-
gle particle Hilbert space is the space of square integrable functions of the
eigenvalues.
The irreducible representations of the ISL(2, C) were classified by Wigner
[6][27][28][5]. The displacement xµa − xµb between events a and b can be
classified into six invariant classes depending on whether this displacement
is zero, lightlike positive time, lightlike negative time, spacelike, timelike
positive time, timelike negative time.
The irreducible representations corresponding to massive particles are the
timelike positive-time representations. These irreducible representations of
ISL(2, C) are labeled by the invariant eigenvalues of the mass (18) and spin
operators (20). For a particle the mass eigenvalue m is discrete and the spin
operator has the eigenvalue j(j + 1) where j is the spin of the particle.
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The state of a structureless particle of mass m and spin j is determined
by specifying the eigenvalues of a maximal set of commuting self-adjoint
operators. These operators are the invariant mass Mˆ , the spin jˆ2 and four
independent functions, Fˆ i = F i(Pˆ µ, Jˆµν), of the ISL(2, C) generators. The
operators Fˆ j cannot be invariant. They are arbitrary independent functions
of the ISL(2, C) generators subject to the constraints:
Fˆ i = (Fˆ i)† [Fˆ i, Fˆ j] = 0 (21)
[Fˆ i, Mˆ ] = [Fˆ i, jˆ2] = 0. (22)
For particles with structure, additional invariant degeneracy operators are
needed to get a maximal set of commuting operators.
The traditional choice for the operators Fˆ i are the three components
of the linear momentum ~ˆP and the z-component of the canonical [29] spin
zˆ · ~ˆjc. In some applications it is advantageous to use the four velocity, the
light-front components of the four momentum, or their conjugate variables.
The helicity or light-front spin is sometimes used instead of the canonical
spin. Any of the spin observables could be replaced by a component of the
Pauli-Lubanski operator. These special cases are treated in Appendix I. Each
choice of Fˆ i corresponds to a single particle basis. In this paper the operators
Fˆ i are assumed to have a spectrum independent of the mass eigenvalue. This
condition is not very restrictive and holds for all conventional choices.
The Hilbert space for a particle of mass m and spin j can be represented
as the space of square integrable functions of the eigenvalues of the operators
Fˆ i:
Hmj =
{
〈f |ψ〉|
∫
dµ(f)|〈f |ψ〉|2
}
<∞ (23)
11
where f = {f 1 · · · f 4} and ∫ dµ(f) indicates a sum over the discrete eigen-
values and an integral over the continuous eigenvalues of Fˆ i.
Basis vectors have the form
|f〉 := |f(m, j)〉 := |f 1, f 2, f 3, f 4;m, j〉. (24)
The normalization convention is
〈f |f ′〉 = δ[f, f ′] (25)
where δ[f, f ′] is the product of Dirac or Kronecker delta functions in the
variables f i.
Irreducibility requires the transformation property:
Uˆ [Λ, Y ]|f ;m, j〉 =
∫
|f ′;m, j〉dµ(f ′)Dm,jf ′,f [Λ, Y ] (26)
where
Dm,jf ′,f [Λ, Y ]δm′mδj′j := 〈f ′;m′, j′|Uˆ [Λ, Y ]|f ;m, j〉 (27)
is the mass m, spin j irreducible representation of ISL(2, C) in the basis Fˆ j .
The D-function includes δ-functions that eliminate the integrals over the
continuous spectrum in (26). Unitarity of the group representation property
require:
Dm,jf ′,f [Λ, Y ] =
(
Dm,jf,f ′[Λ−1,−ΛY Λ†]
)∗
(28)
and
∫
Dm,jf ′,f ′′ [Λ2, Y2]dµ(f ′′)Dm,jf ′′,f [Λ1, Y1] = Dm,jf ′,f [Λ2Λ1,Λ2Y1Λ†2 + Y2]. (29)
The restriction on the spectrum of Fˆ i implies that range of values of f in
Dm,jf ′,f [Λ, Y ] is independent of m.
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Explicit representations for the ISL(2, C) WignerD-functions correspond-
ing to different Fˆ i are given in Appendix I. The form of the D-functions is
basis dependent.
Irreducible representations in a basis of simultaneous eigenstates of a
different set of commuting self-adjoint functions, Gˆi, of the generators are
related to the representations in the basis Fˆ i by:
Dm,jg,g′ [Λ, Y ] =
∫
〈g|f〉dµ(f)Dm,jf,f ′[Λ, Y ]dµ(f ′)〈f ′|g′〉 (30)
where
〈f |g〉δmm′δjj′ := 〈f ;m, j|g;m′, j′〉. (31)
The coefficient functions 〈f |g〉 can depend parametrically on the mass or spin.
This parametric dependence on the mass is responsible for the dynamical
differences that arise with different basis choices.
6 Clebsch-Gordan Coefficients
In this section Clebsch-Gordan coefficients [8][27] [28][29] and Racah coeffi-
cients of ISL(2, C) are defined. These are used to expand tensor products
of irreducible representation as linear superpositions of irreducible represen-
tations and to transform between irreducible bases with different degeneracy
quantum numbers.
The tensor product of irreducible representations of ISL(2, C) is re-
ducible. The ISL(2, C) generators for a tensor product of two irreducible
representations are
Pˆ µ = Pˆ µ1 ⊗ Iˆ2 + Iˆ1 ⊗ Pˆ µ2 (32)
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Jˆµν = Jˆµν1 ⊗ Iˆ2 + Iˆ1 ⊗ Jˆµν2 . (33)
These operators act on the space
H = Hm1j1 ⊗Hm2j2 . (34)
The operators Fˆ i = F i(Pˆ µ, Jˆµν), Mˆ = M(Pˆ µ, Jˆµν), and jˆ2 = j2(Pˆ µ, Jˆµν)
are commuting self-adjoint operators on H. Because the tensor product is re-
ducible, these operators do not define a maximal set of commuting self-adjoint
operators. There are additional ISL(2, C) invariant degeneracy operators Dˆj
that distinguish multiple copies of the same irreducible representation. The
degeneracy operators Dˆi normally include the invariant operators Mˆ1, jˆ1, Mˆ2,
jˆ2 of the factors of the tensor product and additional operators, Rˆ12, that
distinguish multiple copies of the m, j representation in the tensor product
of the m1, j1 and m2, j2 representations.
The operators Dˆj are invariant, self-adjoint functions of the single particle
generators. The operators Mˆ , jˆ2, Fˆ 1 · · · Fˆ 4, Dˆ1, · · · Dˆ6 form a maximal set of
commuting self-adjoint operators on H. Examples are given in the Appendix
II.
The (f, d) basis is the ISL(2, C)-irreducible basis for the tensor product
space defined in terms of simultaneous eigenstates, |f, d;m, j〉 of
{Fˆ i, Dˆk(Mˆ, jˆ2)}. (35)
It follows that
Uˆ1[Λ, Y ]⊗ Uˆ2[Λ, Y ]|f, d;m, j〉 =
∫
|f ′, d;m, j〉dµ(f ′)Dm,jf ′,f [Λ, Y ] (36)
where Dm,jf ′,f [Λ, Y ] is the irreducible representation matrix for a single particle
of mass m spin j. The D-function is independent of the invariant degeneracy
parameters, d.
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The coefficients
〈f1;m1, j1 : f2;m2, j2)|f, d;m, j〉 (37)
are Clebsch-Gordan coefficients of the Poincare´ group in the (f, d) basis.
They are the kernel of the unitary transformation that relate tensor products
of ISL(2, C) irreducible representations to direct integrals of irreducible rep-
resentations. The ISL(2, C) Clebsch-Gordan coefficients have similar prop-
erties to SU(2) Clebsch-Gordan coefficients:
∫
Dm1,j1f1,f ′1 [Λ, Y ]D
m2,j2
f2,f ′2
[Λ, Y ]dµ(f ′1f
′
2)×
〈f ′1;m1, j1 : f ′2;m2, j2|f, d;m, j〉 =∫
〈f1;m1, j1 : f2;m2, j2|f ′, d;m, j〉dµ(f ′)Dm,jf ′,f [Λ, Y ]. (38)
The new feature is that the irreducible representations are labeled by two
Casimir operators and the mass operator has a continuous spectrum.
It is sometimes useful to replace the mass operator Mˆ of the tensor prod-
uct of two irreducible representations by the invariant relative momentum
qˆ2, which has absolutely continuous spectrum, [0,∞):
qˆ2 = q2(Mˆ2, Mˆ21 , Mˆ
2
2 ) :=
Mˆ4 + Mˆ41 + Mˆ
4
2 − 2Mˆ21 Mˆ22 − 2Mˆ2Mˆ21 − 2Mˆ2Mˆ22
4Mˆ2
. (39)
The Clebsch-Gordan coefficients have different forms in different bases.
If (f, d)→ (g, k) then the Clebsch-Gordan coefficients in the (f, d) basis are
related to the Clebsch-Gordan coefficients in the (g, k) basis by
〈g1;m1, j1 : g2;m2, j2|g, k;m, j〉 =
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∫
〈g1|f ′1〉〈g2|f ′2〉dµ(f ′1)dµ(f ′2)×
〈f ′1;m1, j1 : f ′2;m2, j2|f ′, d′;m, j〉dµ(f ′, d′)〈f ′, d′|g, k〉 (40)
where
〈gi|f ′i〉δjij′iδmim′i := 〈gi;mi, ji|f ′i ;m′i, j′i〉 (41)
and
δjj′δ(m−m′)〈f, d|g′, k′〉 := 〈f, d;m, j|g′, k′;m′, j′〉. (42)
The Hilbert space for a system of N -particles is the N-fold tensor product
of single particle Hilbert spaces:
H = Hm1j1 ⊗ · · · ⊗ HmN jN . (43)
The non-interacting representation of ISL(2, C) on H is defined by
Uˆ0[Λ, Y ] := Uˆ1[Λ, Y ]⊗ · · · ⊗ UˆN [Λ, Y ] (44)
where the 0 subscript is used to denote the non-interacting system. It follows
that
Uˆ0[Λ, Y ]|f1;m1, j1 · · · fN ;mN , jN〉 =∫
|f ′1;m1, j1 : · · · f ′N ;mN , jN 〉dµ(f ′1 · · · f ′N)
N∏
i=1
Dmi,jif ′
i
,fi
[Λ, Y ]. (45)
As in the case of SU(2), the tensor product of N irreducible representa-
tion spaces can be decomposed into a direct integral of irreducible represen-
tation spaces using successive pairwise coupling. The invariant degeneracy
operators depend on the order of the coupling. It is also possible to use
a simultaneous coupling scheme based on Mackey’s [30] theory of induced
representations [9] which leads to a symmetric coupling.
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Successive pairwise coupling is illustrated for the three-particle system:
|f, d((12)3);m, j〉 =
∫
|f1;m1, j1 : f2;m2, j2 : f3;m3, j3〉dµ(f1)dµ(f2)×
〈f1;m1, j1 : f2;m2, j2|f12, d12(m12, j12)〉dµ(f12)dµ(f3)dµ(m12, j12)×
〈f12;m12, j12 : f3;m3, j3|f, d12,3;m, j〉 (46)
where the invariant degeneracy parameters are
d12,3 = {d12, m12, j12, m3, j3, r12,3} (47)
with
d12 = {m1, j1, m2, j2, r12}. (48)
Changing the ordering of the coupling from ((12)3) to ((23)1) changes
the degeneracy parameters from {r12, j12, m12, r12,3} to {r23, j23, m23, r23,1},
leaving the operators Mˆ, jˆ2 and Fˆ i unchanged. The overlap coefficients have
the general form
〈f, dab,c(m, j)|f ′, d′ef,g(m′, j′)〉 =
δ[f, f ′]δjj′δ(m−m′)Rm,jda,bc,d′e,fg . (49)
The invariant quantities Rm,jda,bc,d′e,fg
are Racah coefficients for ISL(2, C). They
are the kernel of the unitary transformation that changes the choice of de-
generacy labels in subspaces corresponding the same mass, spin, and vector
labels f . They are independent of f .
The Racah coefficients are important for performing computations be-
cause, as in the case of rotations, some operators have a simple form when
the couplings are done in a specific order. Since many of the operators are
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defined in specific representations, the Racah coefficients are needed for the
evaluation of the abstract operator expressions.
The term Racah coefficient is used to indicate any change of irreducible
basis with matrix elements of the form (49). Examples of Racah coefficients
in representative bases are given in Appendix II.
7 Relativistic Scattering Theory
Relativistic scattering theory is formulated in this section. A kinematic sub-
group is not assumed. The two-Hilbert space formulation [2][8][31] is used
to treat multichannel scattering theory. The notation of this section follows
[2]. Conditions on the interactions that are sufficient for a sensible rela-
tivistic scattering theory are discussed. Relativistic two-Hilbert space wave
operators are essential elements of the general construction.
In this section the dynamical representation Uˆ [Λ, Y ] of ISL(2, C) is as-
sumed to be given. The construction of Uˆ [Λ, Y ] is the main topic of the
remainder of this paper.
The first step in formulating relativistic scattering theory is to determine
the bound states of Uˆ [Λ, Y ]; subsystem bound states are needed to formulate
the asymptotic conditions in multi-channel scattering.
Bound states are associated with point eigenvalues of the mass and spin.
For each bound-state channel αb there is an irreducible subspace of H. Vec-
tors in the bound state subspace can be expressed as linear superpositions of
simultaneous eigenstates of Mˆ, jˆ2, Fˆ i:
|φαb〉 =
∫
|f ;mα, jα〉dµ(f)〈f |χ〉 (50)
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where in this expression Fˆ i = F i(Pˆ µ, Jˆµν) are functions of the generators of
Uˆ [Λ, Y ].
The channel eigenstate |f ;mαb , jαb〉 can be considered as a mapping, Φˆαb ,
from the channel Hilbert space Hαb :
Hαb = {〈f |χα〉|
∫
|〈f |χα〉|2dµ(f) <∞} (51)
to the invariant bound-state subspace of the Hilbert space H:
Φˆαb |χα〉 := |φαb〉 =
∫
|f ;mα, jα〉dµ(f)〈f |χα〉. (52)
For each bound channel αb there is a channel injection operator Φˆαb and a
channel Hilbert space Hαb . Since the bound channel spaces are irreducible
representation spaces with respect to Uˆ [Λ, Y ], the channel eigenstates trans-
form irreducibly
Uˆ [Λ, Y ]|f ;mαb , jαb〉 =∫
|f ′;mαb , jαb〉dµ(f ′)D
mαb ,jαb
f ′,f [Λ, Y ]. (53)
Equation (53) can be expressed in terms of the channel injection operator
as
Uˆ [Λ, Y ]Φˆαb = ΦˆαbUˆαb [Λ, Y ]. (54)
Scattering states are solutions of the time-dependent Schro¨dinger equa-
tion that look like mutually non-interacting bound or elementary subsystems
in the asymptotic past or future. To formulate the asymptotic condition let a
denote a partition of N particles into na disjoint non-empty clusters. Denote
the i-th cluster by ai and the number of particles in the i-th cluster by nai .
For any partition a, the N -particle Hilbert space can be factored into a
tensor product of subsystem Hilbert spaces Hai :
H = ⊗nai=1Hai (55)
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Hai = ⊗l∈aiHmljl. (56)
A partition a has a scattering channel α if the subsystem dynamics
Uˆai [Λ, Y ] : Hai →Hai (57)
associated with each cluster of a is either a one particle cluster or has a bound
state.
For each bound subsystem channel, αi, there is an injection operator, an
asymptotic Hilbert space:
Φˆαi : Hαi →Hai (58)
and an irreducible asymptotic representation Uˆαi [Λ, Y ] of ISL(2, C) on Hαi
satisfying:
Uˆai [Λ, Y ]Φˆαi = ΦˆαiUˆαi [Λ, Y ], . (59)
These relations hold trivially for the one particle clusters. The asymptotic
Hilbert space for the scattering channel α is defined as the tensor product of
the bound channel subspaces for the subsystems:
Hα = ⊗nai=1Hαi. (60)
The channel injection operator
Φˆα : Hα → H (61)
is defined by
Φˆα := ⊗nai=1Φˆαi . (62)
It follows from (59) that Φˆα satisfies the intertwining relation
Uˆa[Λ, Y ]Φˆα = ΦˆαUˆα[Λ, Y ] (63)
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where
Uˆa[Λ, Y ] := ⊗nai=1Uˆai [Λ, Y ] (64)
and
Uˆα[Λ, Y ] := ⊗nai=1Uˆαi [Λ, Y ]. (65)
In this notation a scattering state is a solution
|ψ±α (t)〉 = Uˆ [I, T ]|ψ±α 〉 T := tσ0 (66)
of the time-dependent Schro¨dinger equation satisfying the asymptotic condi-
tion
lim
t→±∞
‖|ψ±α (t)〉 − Uˆa[I, T ]Φˆα|χα〉‖ (67)
for |χα〉 ∈ Hα.
Equation (63) can be used to express the asymptotic condition as
lim
t→±∞
‖|ψ±α 〉 − Uˆ [I,−T ]ΦˆαUˆα[I, T ]|χα〉‖ = 0 (68)
which is identically satisfied by the bound-state channels.
Equation (68) can be expressed as
|ψ±α 〉 := Ωˆα±|χα〉 (69)
where the channel wave operators
Ωˆα± : Hα →H (70)
are defined by the strong limits
Ωˆα± := lim
t→±∞
Uˆ(I,−T )ΦˆαUˆα(I, T ). (71)
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A sufficient condition for the existence of the channel wave operators is the
Cook condition [32]:
∫ ∞
tc
‖VˆαUˆα(I,±T )|χ〉‖dt <∞ (72)
where tc is any constant and
Vˆα := HˆΦˆα − ΦˆαHˆα. (73)
The scattering operator for scattering from channel α to channel β is the
mapping from Hα → Hβ defined by
Sˆβα := Ωˆ
†
β+Ωˆα−. (74)
This is can be expressed compactly in a two-Hilbert space notation, where
the asymptotic Hilbert space, HA is the orthogonal direct sum of all of the
channel spaces, including the bound state channel spaces:
HA = ⊕αHα. (75)
A two-Hilbert space injection operator ΦˆA:
ΦˆA : HA → H (76)
is defined as the sum of the channel injection operators
ΦˆA =
∑
α
Φˆα (77)
where it is understood that each Φˆα acts on the channel subspace Hα of HA.
There is a natural unitary representation of ISL(2, C) onHA which trans-
forms the particles or bound states as tensor products of irreducible repre-
sentations:
UˆA[Λ, Y ] =
∑
α
Uˆα[Λ, Y ] (78)
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where Uˆα[Λ, Y ] : Hα →Hα.
The bound state solutions and the scattering asymptotic conditions can
be replaced by one two-Hilbert space equation:
Ω±(Hˆ, ΦˆA, HˆA) = lim
t→±∞
Uˆ [I,−T ]ΦˆAUˆA[I, T ] (79)
where the limit is a strong limit. The wave operators Ω±(Hˆ, ΦˆA, HˆA) are
mappings from HA →H.
The scattering operator Sˆ is a mapping from HA → HA defined by
Sˆ := Ω†+(Hˆ, ΦˆA, HˆA)Ω−(Hˆ, ΦˆA, HˆA). (80)
The dynamics is asymptotically complete if the two-Hilbert space wave
operators Ω±(Hˆ, ΦˆA, HˆA), which include all bound state channels, are unitary
mappings from HA to H. In all that follows the two-Hilbert space wave
operators are assumed exist and to be unitary. These properties can be
proved using the same methods used in non-relativistic scattering theory.
Fong and Sucher [33][2][34][35] showed that relativistic invariance of the
scattering operator does not follow from the existence of Uˆ [Λ, Y ]. This is
because the ISL(2, C) transformations must commute with the limiting op-
erations that are used to construct the scattering operator.
Invariance of Sˆ is equivalent to the condition
[UˆA[Λ, Y ], Sˆ]− = 0. (81)
The following theorem provides a sufficient condition on Uˆ [Λ, Y ] for the
ISL(2, C) invariance of the S-matrix:
Theorem 1: Let Ω±(Hˆ, ΦˆA, HˆA) be asymptotically complete two Hilbert
space wave operators. A sufficient condition for Sˆ to be ISL(2, C) invariant
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is that for all Λ and Y
lim
t→±∞
(
ΦˆA − Uˆ †[Λ, Y ]ΦˆAUˆA[Λ, Y ]
)
UˆA[I, T ] = 0 (82)
and for any Y of the form Y = ~y · ~σ
lim
t→±∞
(
ΦˆA − Uˆ †[I, Y t]ΦˆAUˆA[I, Y t]
)
UˆA[I, T ] = 0. (83)
The limits above are strong limits. They must hold for both time directions.
Theorem 1 provides sufficient conditions on the interactions in the gener-
ators for a sensible relativistic scattering theory. The proof of this theorem
is given in Appendix III.
The proof of Theorem 1 has a number of useful corollaries:
Corollary 1 If the conditions of Theorem 1 are satisfied, then
Uˆ [Λ, Y ]Ω±(Hˆ, ΦˆA, HˆA) = Ω±(Hˆ, ΦˆA, HˆA)UˆA[Λ, Y ]. (84)
This intertwining property ensures the ISL(2, C) invariance of S.
Corollary 2 If the conditions of Theorem 1 are satisfied, then
Ω±(Hˆ, ΦˆA, HˆA) = Ω±(Pˆ · y, ΦˆA, PˆA · y) (85)
where y is any future-pointing time-like 4-vector.
This means that all future pointing time-like directions are equivalent for
the purpose of formulating the asymptotic condition.
Corollary 3 If the conditions of Theorem 1 are satisfied, then
Ω±(Hˆ, ΦˆA, HˆA) = Ω±(Mˆ, ΦˆA, MˆA) (86)
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.This shows that in applications the Hamiltonian can be replaced by the
mass operator in the wave operators. Both representations of the two-Hilbert
space wave operators are used in the remainder of this paper.
Theorem 1 and its corollaries define conditions on the interactions that
ensure that the dynamics is consistent with naive expectations for a relativis-
tic scattering theory. In all that follows it is assumed that the two-Hilbert
wave operators exist, are complete, and the dynamical operators satisfy (82)
and (83).
8 Cluster Properties
Cluster properties provide the essential connection between the few and
many-body problem. The cluster property requires that few-body interac-
tions in the few-body problem are identical to the few-body interactions in
the many-body problem. This establishes the justification for performing
experiments on few-body systems.
The difficulty in satisfying cluster properties is that the interactions that
appear in the ISL(2, C) generators are uniquely determined by cluster prop-
erties up to an N -body interaction. Unfortunately, the ISL(2, C) commuta-
tion relations put non-linear constraints on the N -body interactions which
cannot be satisfied by setting these interactions to zero.
To formulate cluster properties let a be a partition of the N particle sys-
tems into na disjoint clusters. Let Uˆai [Λ, Y ] be the subsystem representation
of ISL(2, C) for the particles in the i-th cluster of a. Define the cluster
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translation operator Tˆa(Y1, · · · , Yna) on H by
Tˆa[Y1, · · · , Yna] := ⊗Uˆai [I, Yi]. (87)
The dynamical representation of the Poincare´ group satisfies strong clus-
ter properties if for all partitions a and all |χ〉 ∈ H
lim
min(yi−yj)2→+∞
‖
(
Uˆ [Λ, Y ]−⊗nai=1Uˆai [Λ, Y ]
)
Tˆa[Y1, · · · , Yna]|χ〉‖ = 0. (88)
Cluster properties will hold if (a)
Uˆ [Λ, Y ]→ Ua[Λ, Y ] = ⊗nai=1Uˆai [Λ, Y ] (89)
when the interactions involving particles in different clusters of a are set to
zero and (b) all of the interactions in each generator Gˆ satisfy:
lim
min(yi−yj)2→+∞
‖
(
Gˆ− Gˆa
)
Tˆa[Y1, · · · , Yna]|χ〉‖ = 0 (90)
where Gˆ and Gˆa are the ISL(2, C) generators associated with Uˆ [Λ, Y ] and
Ua[Λ, Y ] respectively.
Condition (a) is called the algebraic cluster property [2]. It puts the non-
linear constraints on the interactions of a relativistic quantum theory. It
ensures that once the interactions between particles in different clusters are
turned off the remainder is a tensor product. This condition is non-trivial
because it must hold for every possible clustering.
The condition (b) is related to the range of the interaction. If the opera-
tors satisfy algebraic cluster properties the proof of the short range condition
is similar to the non-relativistic proof [41] of cluster properties. In all that
follows the interaction terms are assumed to satisfy condition (b).
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When Uˆ [Λ, Y ] does not satisfy algebraic cluster properties the limit (88)
may not exist. A typical consequence is that the cluster limit eliminates
interactions between particles in the same cluster [29] .
The cluster condition (88) is a strong form of the cluster condition. It
is also possible to formulate a weaker form of the cluster condition that
applies only to the scattering matrix [2]. The stronger form is needed for the
recursive construction in sections 12 and 13.
9 Scattering Equivalences
There is a large class of dynamical models with the same S-matrix. These
models are called scattering equivalent models [36]. The freedom to trans-
form between scattering equivalent models with different properties is an
important tool for realizing cluster properties. What separates scattering
equivalent models from unitary equivalent models is that scattering equiv-
alent models do not change the description of free particles. They provide
a parameterization of the freedom that is created by restricting the class of
physical observables to asymptotic quantities (t→ ±∞).
While scattering equivalences necessarily preserve cluster properties of
the S-matrix, they do not preserve cluster properties of the representation
Uˆ [Λ, Y ]. Because of this property, scattering equivalences can be used to
restore cluster properties of the dynamics.
The key to understanding scattering equivalences is to understand the
algebra of operators that are asymptotically zero. A bounded operator Zˆ
on the N -particle Hilbert space is asymptotically zero if the following strong
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limits vanish
lim
t→±∞
ZˆUˆ0[I, T ]|ψ〉 = 0; (91)
lim
t→±∞
Zˆ†Uˆ0[I, T ]|ψ〉 = 0; (92)
for both time limits, where
T = tσ0. (93)
The subset of bounded operators that are asymptotically zero are denoted
by Z. It is straightforward to show that for Zˆn ∈ Z and α complex that
αZˆ1 + Zˆ2 ∈ Z (94)
Zˆ1Zˆ2 ∈ Z (95)
Zˆ†1 ∈ Z (96)
‖Zˆn − Zˆ‖ → 0⇒ Zˆ ∈ Z. (97)
Including the identity makes a C∗ algebra, which we call the algebra of
asymptotic constants, C.
A scattering equivalence Aˆ is a unitary member of C that is asymptotically
equal to the identity Iˆ:
lim
t→±∞
(Aˆ− Iˆ)Uˆ0[I, T ]|ψ〉 = 0; (98)
lim
t→±∞
(Aˆ† − Iˆ)Uˆ0[I, T ]|ψ〉 = 0; (99)
The relation of these operators to scattering is through the following
theorems:
Theorem 2: Let Aˆ be a scattering equivalence. Let Ω±(Hˆ, ΦˆA, HˆA) be
asymptotically complete two Hilbert space wave operators. Let Hˆ ′ = AˆHˆAˆ†
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and Φˆ′A = AˆΦˆA. Then Ω±(Hˆ
′, Φˆ′A, HˆA) exist, are asymptotically complete,
and give the same S matrix as Ω±(Hˆ, ΦˆA, HˆA).
The proof follows from the identity
AˆΩ±(Hˆ, ΦˆA, HˆA) = Ω±(Hˆ
′, Φˆ′A, HˆA). (100)
While the structure of the injection operator ΦˆA depends on the represen-
tation of the subsystem bound states, it must become the identity in the
scattering channel, (α = α0), corresponding to N free particles. Note that
Φˆ′α0 = AˆIˆ = Iˆ + Zˆ 6= Iˆ where Zˆ is asymptotically zero. This ensures that
Φˆ′A can be replaced by another injection operator, Φˆ
′′
A, with Φˆ
′′
α0
= Iˆ:
Φˆ′′A = Φˆ
′
A − δαα0Zˆ. (101)
It follows that
Ω±(Hˆ
′, Φˆ′A, Hˆα0) = Ω±(Hˆ
′, Φˆ′′A, Hˆα0) (102)
where Φˆ′′α0 = Iˆ.
Scattering equivalences are naturally constructed from pairs of wave op-
erators that give the same S-matrix.
Theorem 3: Let Ωˆ± := Ω±(Hˆ, ΦˆA, HˆA) and Ωˆ
′
± := Ω±(Hˆ
′, Φˆ′A, HˆA) be
asymptotically complete wave operators that give the same scattering matrix.
Then there is a scattering equivalence Aˆ satisfying Hˆ ′ = AˆHˆAˆ†.
To prove Theorem 3 note that the assumptions imply
S = Ωˆ†+Ωˆ− = Ωˆ
′†
+Ωˆ
′
−. (103)
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Asymptotic completeness implies
Aˆ := Ωˆ′+Ωˆ
†
+ = Ωˆ
′
−Ωˆ
†
−. (104)
This definition and the intertwining relations [41] for the Hamiltonian give
AˆHˆAˆ† = Ωˆ′+HˆAΩˆ
†
+Aˆ
† =
Hˆ ′Ωˆ′+Ωˆ
†
+Aˆ
† = Hˆ ′. (105)
Equations (104) and (105) imply
Ω±(Hˆ
′, Φˆ′A, HˆA) = AˆΩ±(Hˆ, ΦˆA, HˆA) = Ω±(Hˆ
′, AˆΦˆA, HˆA). (106)
The equality of the first and last terms gives the strong limit
lim
t→±∞
(Φˆ′A − AˆΦˆA)UˆA[I, T ] = 0. (107)
Unitarity of Aˆ gives
lim
t→±∞
(Aˆ†Φˆ′A − ΦˆA)UˆA[I, T ] = 0, (108)
restricting to the α0 channel, using Φˆα0 = Φˆ
′
α0
= Iˆ and Uˆα0 [I, T ] = Uˆ0[I, T ]
gives
lim
t→±∞
(Aˆ− Iˆ)Uˆ0[I, T ] = 0 (109)
and
lim
t→±∞
(Aˆ† − Iˆ)Uˆ0[I, T ] = 0 (110)
which establishes that Aˆ is a scattering equivalence.
This shows that if two asymptotically complete wave operators give the
same scattering matrix then the Hamiltonians are related by a scattering
equivalence. Since Aˆ is unitary it follows that
Uˆ ′[Λ, Y ] := AˆUˆ [Λ, Y ]Aˆ† (111)
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is a scattering equivalent representation of ISL(2, C).
The important property of the scattering equivalences is that they are the
unitary elements of the C∗ algebra of asymptotic constants. The C∗ algebra
can be used to construct functions of the non-commuting scattering equiva-
lences. When these functions are unitary and can be expressed expressed as
uniform limits of elements of this algebra, they are scattering equivalences.
This provides the mechanism for constructing scattering equivalences with
specialized properties.
10 Birkhoff Lattices:
The construction of operators satisfying cluster properties requires a signifi-
cant amount of algebra involving cluster expansions of operators. The theory
of Birkhoff lattices [37][38][39][40][2] facilitates the required algebra. It pro-
vides closed-form expressions relating different standard cluster expansions
of operators.
Let P denote the set of all possible partitions of N-particles into disjoint
non-empty clusters. There is a natural partial ordering on P given by
a ⊇ b (112)
if and only if every pair of particles in the same cluster of b is in the same
cluster of a. This means that b can be obtained from a by breaking up
clusters.
The Zeta and Mo¨bius functions [38][40] for this partial ordering are integer
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valued functions on P × P defined by
ζ(a ⊇ b) =


1 a ⊇ b
0 otherwise
(113)
and
µ(a ⊇ b) = ζ−1(a ⊇ b) =


(−)na ∏nai=1(−)nbi (nbi − 1)! a ⊇ b
0 otherwise
(114)
where nbi are the number of clusters of b in the i-th cluster of a. Note that
both ζ(a ⊇ b) and µ(a ⊇ b) vanish unless a ⊇ b.
Intersections and unions, a ∩ b and a ∪ b, of two partitions a and b are
defined as the greatest lower bound and least upper bound with respect to
this partial ordering.
It follows from the definitions that
ζ((a ∩ b) ⊇ c) = ζ(a ⊇ c)ζ(b ⊇ c) (115)
ζ(a ⊇ (b ∪ c)) = ζ(a ⊇ b)ζ(a ⊇ c). (116)
The set of partitions with the operations ∪ and ∩ form a semimodular
lattice [37], called a partition or Birkhoff lattice. It provides a convenient
means for keeping track of interactions. Let O be an operator that is a
function of the physical ISL(2, C) infinitesimal generators. Imagine putting
a parameter λi in front of each interaction that appears in the the physical
ISL(2, C) generators. The operator Oa is defined to be the result of turning
off the interactions between particles in different clusters of a. In general the
operator Oa will include the contributions of operators in Ob for all a ⊃ b.
These can be recursively subtracted to construct truncated contributions [O]b
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to Oa. The truncated operators [O]a vanish whenever interactions involving
particles in any cluster of a are turned off. The the Mo¨bius function can be
used to generate closed form expressions for the truncated operators in terms
of the untruncated Oa’s:
[O]a :=
∑
b
µ(a ⊇ b)Ob. (117)
This can be inverted using the Zeta function to get
Oa :=
∑
b
ζ(a ⊇ b)[O]b. (118)
If this is applied to the case where a is the 1-cluster partition, this becomes
O =∑
b
[O]b. (119)
While this generates the standard relations between ordinary multipoint
functions and truncated multipoint functions based on cluster expansion
methods, use of the lattice structure, and specifically the underlying par-
tial ordering, has advantages that are useful in the recursive construction
described in sections 12 and 13.
11 Two-Body Problem
The construction of two-body models follows [23]. The two-body Hilbert
space is the tensor product of single particle spaces
H = Hm1j1 ⊗Hm2j2 . (120)
Choose a basis (f, d) and use the Clebsch-Gordan coefficient:
〈f1;m1, j1 : f2;m2, j2|f, d;m, j〉 (121)
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to construct an irreducible free-particle basis. The states
|f, d;m, j〉 (122)
transform as mass m spin j irreducible representations of ISL(2, C) with
respect to the non-interacting representation
Uˆ0[Λ, Y ] := Uˆ1[Λ, Y ]⊗ Uˆ2[Λ, Y ]. (123)
Using the ISL(2, C) transformation properties it is possible to construct
operators ∆Fˆ i0 that change the value of f
i, holding the values of f j , (j 6= i)
constant. If Fˆ i0 has a continuous spectrum these operators are proportional
to partial derivatives
∆Fˆ j0 = i
∂
∂f j
(124)
holding fk; k 6= j constant. If F j0 has discrete eigenvalues, a suitable ∆Fˆ j0
can typically be expressed in terms of a raising or lowering operators.
The operators Mˆ0 , jˆ
2
0 , Fˆ
i
0, ∆Fˆ
i
0 are functions of the free particle gen-
erators. Expression for the generators in terms of these operator can be
constructed using the ISL(2, C) D-functions:
〈f, d;m, j| ~K0|f ′, d′;m, s〉 :=
i
∂
∂~ρ
Dm,jf,f ′[Λ(θ = 0, ρ), 0]δ[d, d′]δ(m−m′)δjj′ (125)
〈f, d;m, j| ~J0|f ′, d′;m, j〉 :=
i
∂
∂~θ
Dm,jf,f ′[Λ(θ, ρ = 0), 0]δ[d, d′]δ(m−m′)δjj′ (126)
〈f, d;m, j|P µ0 |f ′, d′;m, j〉 :=
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− i ∂
∂yµ
Dm,jf,f ′[I, Y (y)]δ[d, d′]δ(m−m′)δjj′ (127)
where all derivatives are computed at 0.
The chain rule gives explicit expressions for the ISL(2, C) generators in
terms of the operators Mˆ0, jˆ
2
0 , Fˆ
i
0,∆Fˆi0:
Pˆ µ0 = Pˆ
µ(Mˆ0, jˆ0, Fˆ
i
0,∆Fˆ
i
0) (128)
Jˆµν0 = Jˆ
µν(Mˆ0, jˆ0, Fˆ
i
0,∆Fˆ
i
0). (129)
These expressions can be inverted to express Mˆ0, jˆ
2
0 , Fˆ
i
0,∆Fˆi0 in terms of the
ISL(2, C) generators:
Mˆ0 =M(Pˆ
µ
0 , Jˆ
µν
0 ) (130)
jˆ20 = j0(Pˆ
µ
0 , Jˆ
µν
0 ) (131)
Fˆ i0 = F
j(Pˆ µ0 , Jˆ
µν
0 ) (132)
∆Fˆi0 = ∆F
j(Pˆ µ0 , Jˆ
µν
0 ). (133)
Examples of these operators for specific basis choices are computed in Ap-
pendix I to illustrate the general procedure.
Since Mˆ20 is a Casimir operator for ISL(2, C), it necessarily commutes
with jˆ20 , Fˆ
i
0, and ∆Fˆ
i
0. The ISL(2, C) commutation relations follow as con-
sequences of the commutation relations of Mˆ0, jˆ
2
0 , Fˆ
i
0, and ∆Fˆ
i
0.
It follows that in order to construct a dynamical representation of ISL(2, C)
it is enough to replace Mˆ0 by an operator Mˆ = Mˆ0+ Vˆ which also commutes
with jˆ20 , Fˆi0, and ∆Fˆi0. With this choice of interaction it follows that the
operators
Pˆ µ0 → Pˆ µ = Pˆ µ(Mˆ, jˆ20 , Fˆ i0,∆Fˆ i0) (134)
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Jˆµν0 → Jˆµν = Jˆµν(Mˆ, jˆ20 , Fˆ i0,∆Fˆ i0) (135)
automatically satisfy the ISL(2, C) Lie algebra.
Cluster properties are satisfied for sufficiently short-range interactions.
For the interaction to be non-trivial it should also satisfy
[Mˆ, Mˆ0] 6= 0 (136)
and the spectral condition, Mˆ0 > Vˆ . In general the interaction can be treated
as a perturbation of different functions of Mˆ0, such as Mˆ
2
0 . In all cases the
interactions can be put in the form Mˆ = Mˆ0 + Vˆ by defining Vˆ := Mˆ − Mˆ0,
independent of how Mˆ is constructed. The spectral condition constrains the
interaction.
In the free particle irreducible basis an interaction Vˆ commuting with
jˆ20 , Fˆ
i
0, and ∆Fˆ
i
0 has a kernel with the structure:
〈f, d;m, j|Vˆ |f ′, d′;m′, j′〉 =
δ[f, f ′]δjj′〈d,m‖Vˆj‖d′, m′〉. (137)
The dynamical generators are given by (134) and (135) with Mˆ = Mˆ0+Vˆ .
If the expression for a generator in (134) or (135) has an explicit mass depen-
dence, the corresponding operator will be interaction dependent. Depending
on the choice of basis (f, d) between three and ten generators will have an ex-
plicit interaction dependence. Dirac’s forms of dynamics result from specific
basis choices. A generic choice will not have a kinematic subgroup.
While it is straightforward to derive explicit expressions for the generators
in terms of the Fˆ i’s, (see Appendix I) it is easier to directly solve for the
dynamics in the free particle basis |f, d;m, j〉.
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In this basis Mˆ , Fˆ i0, jˆ0 can be simultaneously diagonalized:
〈f ′, d′;m′, j′|f ;m, j〉 = δ[f, f ′]δjj′φjm(d′, m′) (138)
where φjm(d
′, m′) is the solution of the mass eigenvalue equation
(m−m′)φjm(d′, m′) =
∑∫
dm′′dd′′〈d′, m′‖Vˆj‖d′′m′′〉φjm(d′′, m′′). (139)
For suitable interactions Mˆ will be self-adjoint and the eigenstates |f, d;m, j〉
will define a complete set of simultaneous eigenstates of Mˆ , Fˆ i0, jˆ
2
0 . Solving
equation (139) is of comparable difficulty to solving the time-independent
non-relativistic Schro¨dinger equation. It is assumed that the eigenstates
include two-body bound states and scattering states satisfying incoming and
outgoing wave asymptotic conditions.
Since the expressions (125-127) for the ISL(2, C) generators were de-
rived by evaluating the infinitesimal transformations in an irreducible basis,
and {Mˆ0, Fˆ i0,∆Fˆ i, jˆ0} and {Mˆ, Fˆ i0,∆Fˆ i, jˆ0} have the same commutation re-
lations, the action of the dynamical representation of ISL(2, C) on the eigen-
states |f ;m, j〉 has the same form as the free dynamics on |f, d;m0, j〉, with
the eigenvalue of Mˆ0 replaced by the eigenvalue of Mˆ . It follows that
Uˆ [Λ, Y ]|f ;m, j〉 = |f ′;m, j〉dµ(f ′)Dm,jf ′,f [Λ, Y ]. (140)
Since the states |f ; j,m〉 are complete, this defines Uˆ [Λ, Y ] on H. Since m
is the eigenvalue of a dynamical operator, all of the mass dependent parts of
Dmjf ′f [Λ, Y ] are interaction dependent.
This construction gives (1) an explicit expressions for the interaction de-
pendent ISL(2, C) Lie algebra, (2) a solution of the 2-body dynamics ex-
pressed as a direct integral of irreducible representations of ISL(2, C), (3)
and an explicit unitary representation of ISL(2, C) on H.
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This construction can be done in any irreducible basis. Consider the same
construction in two bases (f, d) and (g, d) where, for simplicity, the degener-
acy operators in both bases are assumed to have the same spectrum. In one
model the interaction commutes with Fˆ i while in the other the interaction
commutes with Gˆi. Because Mˆ does not commute with Mˆ0, if the relation
between the (f, d) and (g, d) bases involves the mass, these two interactions
cannot be the same.
Nevertheless, the form of the dynamical equation (139) is identical in both
cases. Both will give the same bound state masses and scattering matrix el-
ements. It follows, using Theorem 3, that the dynamical models constructed
using the free particle bases
(Fˆ , dˆ, Mˆ1) and (Gˆ, dˆ, Mˆ2) (141)
are scattering equivalent and are related by
Aˆ = Ω±(Mˆ1, Φˆ1, MˆA)Ω
†
±(Mˆ2, Φˆ2, MˆA). (142)
The transformation Aˆ is not simply a change of basis; it is interaction depen-
dent and changes the nature of the interactions. This illustrates the relation
of the basis choice to the structure of the dynamics.
To understand the nature of the interaction dependence of Aˆ note that
both wave operators in (142) need to be computed in the same basis. This
leads to an expression of the form
〈f |Aˆ|f ′〉 =
∫
〈f |Ω±(Mˆf , Φˆf , MˆA)|f ′′〉dµ(f ′′)〈f ′′|g′′〉Adµ(g′′)×
〈g′′|Ω†±(Mˆg, Φˆg, MˆA)|g′〉dµ(g′)〈g′|f ′〉. (143)
38
If the change of basis f ↔ g involves the mass parametrically, then 〈f |g〉A will
involve the physical mass eigenvalues while 〈g|f〉 involves the non-interacting
masses. The interaction dependence is due to having the interacting mass in
one of these expressions and the free mass in the inverse expression. In the
limit that the interactions are turned off, this becomes the identity.
This completes the construction of the two-body dynamics. The con-
struction provides a relativistic two-body model for any choice of basis and
ISL(2, C) Clebsch-Gordan coefficient.
To illustrate the structure of the dynamical equation in a familiar ba-
sis consider the case (see Appendix II) that Fˆ = {~ˆP , jˆcz}, correspond-
ing to the linear momentum and z-component of the canonical spin, and
Dˆi = {j1, m1, j2, m2, lˆ, sˆ} where lˆ, sˆ are two-body orbital and spin angular
momenta. The matrix elements of Vˆ = Mˆ − Mˆ0 have the form:
〈p, µ, l, s;m, j|Vˆ |p′, µ′, l′, s′;m′, j′〉 =
δ(~p− ~p ′)δµµ′δjj′〈l, s,m‖Vˆ j‖l′, s′, m〉. (144)
If m is replaced by the kinematic momentum q defined by
m =
√
q2 +m21 +
√
q2 +m22 (145)
the matrix element (144) has the same structure as the corresponding non-
relativistic interaction. The eigenvalue equations (139) becomes:
(m−
√
q2 +m21 +
√
q2 +m22)φ
j
m(l, s, q) =
∞∑
l′=0
|j+l|∑
s′=|j−l|
∫ ∞
0
q′2dq′〈l, s, q‖Vˆ j‖l′, s′, q′〉φjm(l′, s′, q′). (146)
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12 The N-Body Problem
The formulation of the N -body problem is by induction. The construction
follows [1][2][9]. What is different is that the notion of “form of the dynamics”
is replaced by a choice (f, d) of basis for ISL(2, C) irreducible representation
spaces and associated Clebsch-Gordan coefficients.
The construction of the N -body dynamics exploits the scattering equiva-
lence of two representations of ISL(2, C). One representation satisfies alge-
braic cluster properties and the other has a kinematic spin, which is useful
for the ISL(2, C) invariant addition of interactions.
The construction begins with the decomposition of the system into in-
teracting subsystems, which are obtained by turning off the interactions be-
tween particles in different clusters of a partition a. The tensor product of
the subsystem representations define unitary representation of ISL(2, C) on
the N-body Hilbert space. These representations are reducible and have in-
teractions in both the N-body mass and spin operators. As a runs over all
partitions these representation contain all interactions except the N -body in-
teractions. Because the mass and spin operators for different decompositions
into subsystems do not all commute, these tensor product representations
are not suited to ISL(2, C) invariant addition of interactions.
In order to facilitate the invariant addition of interactions, scattering
equivalences are introduced that transform each of the tensor product repre-
sentations into scattering equivalent representations of ISL(2, C) where jˆ2,
Fˆ j and ∆Fˆ j are free of interaction. In these representations all of the interac-
tions are in the mass operators. Linear combinations of the mass operators for
different decompositions into subsystems can be used to construct an over-
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all N-body mass operator M¯ that still commutes with the non-interacting
operators j20 , Fˆ
j
0 , and ∆Fˆ
j
0 .
The existence of the required scattering equivalences follows by induction
from properties of the two-body solution. This is different than the solution
presented in [2] where the kinematic subgroup and the ~p = 0 condition played
a central role in establishing the required scattering equivalences.
The properties of M¯ guarantee that ISL(2, C) generators expressed as
functions of M¯ , j20 , Fˆ
j
0 , and ∆Fˆ
j
0 satisfy the ISL(2, C) commutation relations.
The associated unitary representation of ISL(2, C), which is constructed
using the same method used in the two-body construction, does not satisfy
algebraic cluster properties for N > 2. Cluster properties are restored by
constructing a suitable scattering equivalence, which introduces additional
many-body interactions and introduces a non-trivial interaction dependence
in the spin.
The induction begins with the two-body dynamics formulated in the pre-
vious section. The dynamical two-body representation, Uˆ [Λ, Y ], of ISL(2, C)
satisfies:
• It becomes the tensor product of two one-body representations when
the interaction is set to zero:
Uˆ(12)[Λ, Y ]→ Uˆ1[Λ, Y ]⊗ Uˆ2[Λ, Y ]. (147)
• The two-body mass operator commutes with the non-interacting Fˆ j ,
∆Fˆ j and jˆ2:
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[Mˆ(12), Fˆ
j
0 ] = [Mˆ(12),∆Fˆ
j
0 ] = [Mˆ(12), jˆ
2
0 ] = 0. (148)
These conditions cannot be simultaneously satisfied for systems of more
than two particles. They are replaced by the following induction assumption,
which reduces to the above condition when N = 2:
• For each proper subsystem s of the N -body system, there is a dynam-
ical representation Uˆs[Λ, Y ] : Hs → Hs with short-range interactions
satisfying algebraic cluster properties. This means that if the interac-
tions between particles in different clusters of the subsystem s are set
to zero then
Uˆs[Λ, Y ]→ ⊗iUˆai [Λ, Y ]. (149)
• For each proper subsystem there is a scattering equivalence Cˆs satisfy-
ing
CˆsUˆs[Λ, Y ]Cˆ
†
s = U¯s[Λ, Y ] (150)
with the property that the mass operator M¯s of the U¯s[Λ, Y ] represen-
tation commutes with Fˆ is , jˆ
2
s , ∆Fˆ
i
s of the non-interacting subsystem,
s.
These conditions are trivially satisfied by the two-body construction of
the previous section for Cˆs = Iˆ on each single particle Hilbert space.
First we show that if these conditions hold for all proper subsystems then
they hold for any non-trivial partitioning of the N -body system.
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The theorem below ensures the scattering equivalence of tensor products
of subsystem representations that satisfy (150) to representations with a non-
interacting jˆ2, Fˆ i, and ∆Fˆ i.
Theorem 4: Let a be a partition of the N -particle system into na disjoint
mutually non-interacting subsystems, ai. Assume that each subsystem has
a dynamical representation Uˆai [Λ, Y ] of ISL(2, C) with an asymptotically
complete scattering theory. Assume the each of the representations Uˆai [Λ, Y ]
is scattering equivalent to a representation that has Fˆ jai = Fˆ
j
0ai , ∆Fˆ
j
ai
=
∆Fˆ j0ai , jˆ
2
ai
= jˆ20ai . Let
Uˆa[Λ, Y ] := ⊗nai=1Uˆai [Λ, Y ] (151)
be the tensor product of subsystem representations of ISL(2, C). Then
Uˆa[Λ, Y ] is scattering equivalent to a representation U¯a[Λ, Y ] that has Fˆ
j
a =
Fˆ j0 , ∆Fˆ
j
a = ∆Fˆ
j
0 , jˆa = jˆ0.
This states that if the subsystem mass operators are scattering equivalent
to the subsystem mass operator with kinematic Fˆ jai , ∆Fˆ
j
ai
, jˆai then the tensor
product of the subsystems has a mass operator that is scattering equivalent
to a mass operator with kinematic Fˆ j, ∆Fˆ j, and jˆ.
The induction assumptions (150) and (149) and the application of The-
orem 4 imply that for every partition a with at least two non-empty clus-
ters there are representations Uˆa[Λ, Y ], and U¯a[Λ, Y ], related by a scattering
equivalence Bˆa. The proof of Theorem 4 as well as the construction of Bˆa is
given in Appendix IV.
To establish algebraic cluster properties let Xˆ be an operator valued func-
tion of the interactions. Assume that a coupling constant λb is put in front
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of all interactions involving particles in different clusters of a partition b. Let
(Xˆ)b denote the operator obtained from Xˆ by setting λb to 0.
Theorem 4 implies the following relation:
U¯a[Λ, Y ] = BˆaUˆa[Λ, Y ]Bˆ
†
a. (152)
Turning off interactions between particles in different clusters of b in (152)
gives, using (149) and (151),
(U¯a[Λ, Y ])b = (Bˆa)bUˆa∩b[Λ, Y ](Bˆ
†
a)b (153)
when b ∩ a is a refinement of a.
Applying Theorem 4 directly to the partition c = b ∩ a gives
U¯a∩b[Λ, A] = Bˆa∩bUˆa∩b[Λ, Y ]Bˆ
†
a∩b. (154)
This gives distinct scattering equivalences Bˆa∩b and (Bˆa)b relating Uˆa∩b[Λ, Y ]
to different representations that commute with Fˆ j0 , ∆Fˆ
j
0 , and jˆ
2
0 . An illus-
tration of this ambiguity in the four-body system occurs for a = (123)(4),
b = (12)(34) and c = (12)(3)(4).
It is desirable that the scattering equivalence obtained by turning off
interactions agree with the scattering equivalence constructed directly by
applying Theorem 4 to the tensor products. This can be achieved by recur-
sively replacing the operators Bˆa of Theorem 4 with operators Aˆa that satisfy
(Aˆa)b = Aˆa∩b. This replacement involves a redefinition of the M¯a’s.
For N − 1 cluster partitions define
Aˆa := Bˆa. (155)
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Because N − 1 cluster interactions only have two-body interactions, both Aˆa
and Bˆa become the identity when the interaction is turned off:
(Aˆa)b = Aˆa∩b = Iˆ (156)
In this case any non-trivial refinement of a gives N free particles.
Next consider a partition a with k clusters. By induction assume that
scattering equivalences Aˆc have have been defined for all partitions c with
more than k clusters and that these operators satisfy (Aˆc)d = Aˆc∩d for nc > k.
Let b be a partition such that a ∩ b has more than k clusters. Note that
Aˆa∩b(Bˆ
†
a)b (157)
is defined and commutes with Fˆ j0 , ∆Fˆ
j
0 , and jˆ0.
Define
Aˆa :=
(
Iˆ − iαˆa
Iˆ + iαˆa
)
Bˆa (158)
where
αˆa := −
∑
b6=a
µ(a ⊃ b)αˆa,b (159)
and
αˆa,b := i
Iˆ − Aˆb(Bˆ†a)b
Iˆ + Aˆb(Bˆ
†
a)b
. (160)
Note that a∩b = b was used in (160). These expressions utilize Cayley trans-
forms to construct unitary functions of scattering equivalences. The resulting
unitary operators will be scattering equivalences provided their Cayley trans-
forms are in the algebra of asymptotic constants. This is not entirely trivial,
because the algebra C is uniformly closed, but not strongly closed. Aˆa will
be a scattering equivalence if the Cayley transforms αˆa,b are bounded. This
will be assumed in all that follows.
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The restriction b 6= a means that the b’s appearing in the sum are proper
refinements of a and necessarily have more than k clusters. By induction the
Aˆb’s satisfy (Aˆb)c = Aˆb∩c. It follows for c ∩ a 6= a that
(αˆa,b)c := i
Iˆ − Aˆb∩c(Bˆ†a)b∩c
Iˆ + Aˆb∩c(Bˆ
†
a)b∩c
= αˆa,b∩c (161)
which gives
(αˆa)c = −
∑
b6=a
µ(a ⊃ b)αˆa,b∩c =
−∑
b6=a
µ(a ⊃ b)ζ((b ∩ c) ⊃ d)µ(d ⊃ e)αˆa,e. (162)
Using (115) gives
−∑
b6=a
µ(a ⊃ b)ζ(b ⊃ d)ζ(c ⊃ d)µ(d ⊃ e)αˆa,e. (163)
The b sum gives µ(a ⊃ a)ζ(a ⊃ d)− δad = ζ(a ⊃ d)− δad. Using this in the
above sum and observing that ζ(c ⊃ a) = 0, gives
∑
d,e
ζ(a ⊃ d)ζ(c ⊃ d)µ(d ⊃ e)αˆa,e =
∑
d,e
ζ(a ∩ c ⊃ d)µ(d ⊃ e)αˆa,e = αˆa,a∩c.
(164)
It follows that
(Aˆa)c = (
Iˆ − iαˆa,c
Iˆ + iαˆa,c
)(Bˆa)c =
Aˆa∩c(Bˆ
†
a)c(Bˆa)c = Aˆa∩c. (165)
This shows that if the result holds for more than k clusters, it holds for k
clusters.
This process can be continued recursively until na = 2. The result is a
set of scattering equivalences, Aˆa and representations
Uˆa[Λ, Y ], U¯a[Λ, Y ] (166)
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with the properties
U¯a[Λ, Y ] = AˆaUˆa[Λ, Y ]Aˆ
†
a (167)
Uˆa[Λ, Y ] = ⊗nai=1Uˆai [Λ, Y ] (168)
Aˆa → Aˆa∩b (169)
and
F¯ ia = Fˆ
i
0, ∆F¯
i
a = ∆Fˆ
i
0, j¯
2
a = jˆ
2
0 . (170)
The final step is to complete the construction of the dynamics. For each
partition a of the N -particle system with at least two clusters let Mˆa be the
mass operator for the tensor product representation Uˆa[Λ, Y ]. Note that
M¯a = AˆaMˆaAˆ
†
a (171)
is scattering equivalent to Mˆa and commutes with Fˆ
j
0 , ∆Fˆ
j
0 , and jˆ
2
0 .
Define
M¯ := −∑
a6=1
µ(1 ⊇ a)M¯a + [M¯ ]N = −
∑
a6=1
µ(1 ⊇ a)AˆaMˆaAˆ†a + [M¯ ]N (172)
where [M¯ ]N is a possible additional N -body interaction that commutes Fˆ
j
0 ,
∆Fˆ j0 , and jˆ
2
0 . By construction M¯ commutes with Fˆ
j
0 , ∆Fˆ
j
0 , and jˆ
2
0 . This
expansion is equivalent to the cluster expansion of M¯ . By the induction
assumption, turning off the interactions between particles in different clusters
of partition b gives
(M¯)b := −
∑
a6=1
µ(1 ⊇ a)(M¯a)b = −
∑
a6=1
µ(1 ⊇ a)Aˆa∩bMˆa∩bAˆ†a∩b =
−∑
a6=1
µ(1 ⊇ a)ζ((a ∩ b) ⊇ d)µ(d ⊇ e)AˆeMˆeAˆ†e =
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−∑
a6=1
µ(1 ⊇ a)ζ(a ⊇ d)ζ(b ⊇ d)µ(d ⊇ e)AˆeMˆeAˆ†e. (173)
The a sum gives (1− δ1d)Iˆ. Inserting this into (173) gives
(M¯)b = AˆbMˆbAˆ
†
b (174)
or
(M¯)b = M¯b. (175)
This is not the mass operator Mˆb corresponding to the tensor product of
the subsystems associated with the clusters of b. To correct this define the
scattering equivalence
Aˆ :=
I + iαˆ
I − iαˆ (176)
with
αˆ = −∑
a6=1
µ(1 ⊇ a)αˆa (177)
αˆa := i
Iˆ − Aˆa
Iˆ + Aˆa
. (178)
Using the same algebra used to show that (M¯)b = M¯b it follows that
(Aˆ)b = Aˆb. (179)
Since Aˆ is a scattering equivalence define
Mˆ := Aˆ†M¯Aˆ. (180)
Since M¯ commutes with the kinematic operators Fˆ j0 , ∆Fˆ
j
0 , and jˆ
2
0 , simul-
taneous eigenstates of M¯ , Fˆ j0 , and jˆ
2
0 define a complete set of states states
that transform irreducibly. This can be used to construct a representation
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U¯ [Λ, Y ] of the ISL(2, C). The scattering equivalence Aˆ defines a scattering
equivalent representation
Uˆ [Λ, Y ] := Aˆ†U¯ [Λ, Y ]Aˆ (181)
with the property that
(Uˆ [Λ, Y ])b := Aˆ
†
bU¯b[Λ, Y ]Aˆb = Uˆb[Λ, Y ] = ⊗nbi=1Uˆbi [Λ, Y ]. (182)
The generators have the form
Pˆ µ = Aˆ†P µ(M¯, jˆ20 , Fˆ
i
0,∆Fˆ
i
0)Aˆ (183)
and
Jˆµν = Aˆ†Jµν(M¯, jˆ20 , Fˆ
i
0,∆Fˆ
i
0)Aˆ. (184)
This completes the proof of the induction.
The operator Uˆ [Λ, Y ] defined in (181) is the desired N -body representa-
tion of ISL(2, C) that is consistent with the dynamics and satisfies algebraic
cluster separability. The effect of the transformation Aˆ is to cancel the Aˆa’s
from the subsystems. It generates new many-body interactions that are nec-
essary for the algebraic cluster properties of Uˆ [Λ, Y ].
To summarize this construction; tensor products of subsystem dynamics
are transformed to scattering equivalent representations where the operators
Fˆ j,∆Fˆ j, and jˆ are free of interactions. The transformed mass operators
are combined to construct a mass operator for a unitary representation of
ISL(2, C) with kinematic Fˆ j ,∆Fˆ j, and jˆ. This representation is transformed
to a scattering equivalent representation satisfying cluster properties.
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The construction, while complex, leads to a simple structure. All of the
ISL(2, C) generators can be expressed as sums of one, two, three, · · ·, N-
body interactions. For any ISL(2, C) generator, the k-body interaction in
the k-body problem is identical to the k-body interaction in the many-body
problem. At each stage of the construction the subsystem interactions remain
unchanged. What is new is that cluster properties generate new many-body
interactions. These do not change when they are imbedded in systems with
more than N particles. The spin, which is a non-linear function of these
generators, is an interaction dependent quantity given by
jˆ2 = Aˆ†jˆ20Aˆ. (185)
The scattering equivalence Aˆ is an interaction dependent operator that be-
comes the identity when the interactions are switched off. While there is
freedom to include many-body interactions, there is a class of many-body
interactions that cannot be removed without violating cluster properties.
13 Cluster Equivalence
The dynamical unitary representation of ISL(2, C) constructed in the previ-
ous section satisfies algebraic cluster properties. With suitable short ranged
interactions it will satisfy cluster properties (88) and the spectral condition.
The choice of basis (f, d) was an important element of this construction. In
this section, this representation is shown to be scattering equivalent to a rep-
resentation based on a different choice of basis, (g, h). This representation
also satisfies algebraic cluster properties.
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This illustrates the existence of a subgroup of the group of scattering
equivalences that relates the constructions based on different irreducible rep-
resentation basis choices and preserves algebraic cluster properties. This
subgroup will be called the group of cluster equivalences.
It follows that the choice of irreducible basis used in the construction
has no fundamental physical significance. This generalizes the equivalence of
choices of kinematic subgroups in two ways. First, it extends the result to
the general setting of this paper where the form of dynamics is replaced by
the basis choice (f, d). Second, it shows that this equivalence respects cluster
properties.
To illustrate the nature of the required scattering equivalence first let
Uˆf [Λ, Y ] denote the representation constructed in the previous section using
the (f, d) basis. Turning off interactions between particles in different clusters
of the partition a gives
Uˆf [Λ, Y ]→ Uˆfa [Λ, Y ] = Aˆf†a U¯fa [Λ, Y ]Aˆfa (186)
where Aˆfa are the scattering equivalences constructed in the previous section.
The superscript f indicates that the (f, d) basis was used in the construction.
Algebraic cluster properties give the relations
Uˆf [Λ, Y ]→ Uˆfa [Λ, Y ] = ⊗nai=1Uˆfai [Λ, Y ] =
⊗nai=1
(
Aˆf†ai U¯
f
ai
[Λ, Y ]Aˆfai
)
= (⊗nai=1Aˆf†ai )(⊗nai=1U¯fai [Λ, Y ])(⊗nai=1Aˆfai) (187)
where the Aˆfai are the Aˆ
f operators for the subsystem consisting of the par-
ticles in the i− th cluster of a.
It is useful to introduce the operators
U˜fa [Λ, Y ] := ⊗nai=1U¯fai [Λ, Y ] (188)
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which are related to Uˆfa [Λ, Y ] by the scattering equivalence
Bˆfa := ⊗nai=1Aˆfai . (189)
The construction of the previous section defined Uˆfa [Λ, Y ] := U˜
f
a [Λ, Y ] for
na = N − 1. All of the Uˆfa [Λ, Y ]’s were recursively constructed from the
na = N − 1 cluster representations.
Any of the representations U¯fa [Λ, Y ] are scattering equivalent to a U¯
g
a [Λ, Y ]
representation. This scattering equivalence is realized by making the follow-
ing replacements in the kernel of the barred mass operators:
〈f, d(m0, j0)|M¯f |f ′, d′(m′0, j′0)〉 = δ[f ; f ′]δj0,j′0〈m0, d‖M¯ j0‖m′0, d′〉 (190)
by
〈g, h(m0, j0)|M¯g|g′, h′(m′0, j′0)〉 = δ[g; g′]δj0,j′0〈m0, h‖M¯ j0‖m′0, h′〉 (191)
where the reduced kernel 〈m0, h‖M¯ j0‖m′0, h′〉 is defined in terms of the re-
duced kernel 〈m0, d‖M¯ j0‖m′0, d′〉 by a variable change d→ h implemented by
kinematic ISL(2, C)-Racah coefficients. This means abstract reduced mass
operators are identical. The operators M¯g and M¯f differ because of the delta
functions in f or g; but both operators manifestly give the same S matrix
elements and bound-state observables. The operators M¯f and M¯g define
scattering equivalent representations of ISL(2, C) with the non-interacting
Fˆ i, ∆Fˆ i or Gˆi, ∆Gˆi respectively. The scattering equivalence is denoted by
Cˆgf :
Cˆgf U¯f [Λ, Y ]C¯gf† = U¯g[Λ, Y ] (192)
Since this equivalence is valid for systems or subsystems, for each partition
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a the following representations are scattering equivalent:
Uˆfa [Λ, Y ], U¯
f
a [Λ, Y ], U˜
f
a [Λ, Y ], U¯
g
a [Λ, Y ], U˜
g
a [Λ, Y ]. (193)
These representations have the property that Uˆfa [Λ, Y ] = U˜
f
a [Λ, Y ] for
N −1 cluster partitions and Uˆfa [Λ, Y ] is scattering equivalent to U¯fa [Λ, Y ] for
the 1-cluster partition.
The goal is to find a Uˆg[Λ, a] that is scattering equivalent to U¯g[Λ, Y ]
and U¯f [Λ, Y ] and also satisfies algebraic cluster properties, with Uˆga [Λ, Y ] =
U˜ga [Λ, Y ] for na = N − 1.
The first step is to define
Uˆga [Λ, Y ] = U˜
g
a [Λ, Y ] (194)
for na = N −1. Following the construction of the previous section, this gives
scattering equivalences Aˆga relating Uˆ
g
a [Λ, Y ] to U¯
g
a [Λ, Y ] for na = N − 1.
Next, assume by induction that Uˆga [Λ, Y ] has been defined for partitions
with more than K clusters satisfying algebraic cluster properties and is scat-
tering equivalent to U¯ga [Λ, Y ]. The U¯
g
a [Λ, Y ] for K-cluster partitions is de-
fined by (192). Its mass operator, M¯ga , is related to M¯
f
a by replacing delta
functions in f by delta functions in g. Since (M¯fa )b = M¯
f
a∩b it follows that
(M¯ga )b = M¯
g
a∩b because the kernel of the two operators only differ by delta
functions in the overall kinematic operators f or g.
This means that M¯ga differs from the cluster expansion
M¯g0a = −
∑
b6=a
µ(a ⊇ b)M¯gb (195)
by at most an a-connected interaction term, [M¯ ]ga. In order to construct the
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desired representation it is enough to define
Uˆga [Λ, Y ] := Aˆ
g†
a U¯
g
a [Λ, Y ]Aˆ
g
a (196)
where
Aˆga =
I + iαˆga
I − iαˆga (197)
αˆga := −
∑
b6=a
µ(a, b)αˆgb (198)
αˆgb = i
I + Aˆgb
I − Aˆgb
. (199)
Following the algebra used in (173) αˆga has the property that
(αˆga)b = αˆ
g
b b ⊂ a (200)
and
(Uˆga )b[Λ, Y ] := Aˆ
g†
a∩bU¯
g
a∩p[Λ, Y ]Aˆ
g
a∩b = Uˆ
g
a∩b[Λ, Y ] (201)
This differs from the result of a direct construction in the (g, h) basis because
of the difference [M¯ ]ga between M¯
g
a and M¯
g0
a . This introduces additional
many-body interactions that are needed maintain the scattering equivalence
at each stage of the recursion. Note that in this construction the factor
µ(a ⊇ b) ensures that only the b satisfying b ⊂ a appear in the sum. These
partitions have more than K-clusters. This construction can be continued
until K = 1, where
Uˆg[Λ, Y ] = Uˆg1 [Λ, Y ] = Aˆ
gU¯g1 Aˆ
g† (202)
is the desired representation based on the (g, h) representation. The relevant
scattering equivalence is
Uˆg[Λ, Y ] = Aˆg†Cˆgf Aˆf Uˆf [Λ, Y ]Aˆf†Cˆgf†Aˆg. (203)
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It follows that Aˆg†Cˆgf Aˆf is the desired scattering equivalence connecting
the construction of Uˆ [Λ, Y ] using the (f, d) representation to a dynamics
satisfying cluster properties based on the (g, h) representation.
It is important to emphasize that the Aˆg constructed in this manner
are not identical to the corresponding operators that would have been con-
structed if one began with the (g, h) basis. This is due to the presence
of additional many-body interactions that are determined by the difference
between the operators M¯g0a and M¯
g
a for each a. These differences account
for the dynamical differences that occur when the many-body dynamics is
formulated with different basis choices, or using different forms of dynamics.
The cluster equivalences transform ISL(2, C) generators in one represen-
tation to physically equivalent generators in another representation. In each
representation the interactions are distributed differently among the genera-
tors. Specific representation have computational advantages.
14 Summary and Conclusion
This paper provides a general construction of a unitary representation Uˆ [Λ, Y ]
of ISL(2, C) for a system of N-interacting particles based on the representa-
tion theory of ISL(2, C). For suitable interactions the representation satis-
fies cluster properties and the spectral condition. The representation defines
a non-trivial relativistic quantum theory of interacting particles. Unitary
operators that preserve the S-matrix and cluster properties, called cluster
equivalences, relate the different constructions.
Relativistic quantum theory of N -particles can be applied to model sys-
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tems of strongly interacting particles. This framework has many features
of non-relativistic quantum mechanics and local relativistic quantum field
theory. Like non-relativistic quantum mechanics, it is a mathematically well
behaved theory where exact numerical calculations are possible. Like quan-
tum field theory, it is a quantum theory with an exact ISL(2, C) symmetry
that satisfies cluster properties and the spectral condition.
The generality of the construction suggests that any quantum theory
dominated by a finite number of particle degrees of freedom which is consis-
tent with Poincare´ invariance, cluster properties, and the spectral condition
will be related to a theory of the type discussed in this paper by a cluster
equivalence.
The cluster equivalences introduced in section 13 relate physically equiv-
alent representations of the same model. Cluster equivalent models have the
same bound state observables and S-matrix elements. In each representation
free particles are represented as tensor products of irreducible representa-
tions. The unitary representation of ISL(2, C) that defines the dynamics
clusters into tensor products of subsystems representations with the same
properties. Cluster equivalence is a stronger condition than unitary equiv-
alence or scattering equivalence. Scattering equivalences were shown to be
unitary elements of the C∗ algebra of asymptotic constants. Cluster equiva-
lences were shown to be a subgroup of the scattering equivalences.
The practical need to understand the relationship between different for-
mulations of relativistic quantum theory suggests that it would be useful to
have an abstract definition of a relativistic quantum theory of particles. The
situation is different than the quantum field theory case, were there are sev-
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eral sets of axioms [4] that are designed to define a suitable local field theory,
with an absence of examples of realistic theories consistent with these axioms.
In relativistic quantum theory there are many applications that claim to be
relativistic quantum theories, with no universally accepted criteria of what
it means to be a relativistic quantum theory of particles. The absence of
an acceptable definition of what constitutes a relativistic quantum theory of
particles makes comparison difficult. The construction of this paper, which
focuses on mathematical formulation of observable physical properties, and
how they can be realized in models, suggest minimal elements that need to
be included in a set of axioms:
A1 : The Hilbert space H is the tensor product of irreducible represen-
tation spaces of ISL(2, C) associated with the mass and spins of the
constituent particles.
A2 : There is a unitary representation Uˆ [Λ, Y ] of ISL(2, C) on H with a
positive mass and energy spectrum.
A3 : The Hilbert space can be factored into a tensor product of subsystem
spaces, with each one supporting a subsystem unitary representation
Uˆi[Λ, Y ] of ISL(2, C). For each partition a into subsystems ai the
operator Uˆ [Λ, Y ] satisfies cluster property (88)
A4 The dynamics Uˆ [Λ, Y ] has an asymptotically complete, ISL(2, C) in-
variant S-matrix.
These requirements can be used to formulate a precise relationship be-
tween different formulations of relativistic quantum theory when they are
applied to systems with finite energy and number of degrees of freedom.
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The construction in section 12 points to some of the general features of
relativistic quantum theory of particles. In the physical representations of
ISL(2, C) the scattering equivalence Aˆ, which is an interaction dependent
operator, normally generates interaction dependent terms in all of the oper-
ators using the relations:
Fˆ i = Aˆ†Fˆ i0Aˆ (204)
∆Fˆ i = Aˆ†∆Fˆ i0Aˆ (205)
j2 = Aˆ†j20Aˆ (206)
P µ = P µ(M, j2, Fˆ i,∆Fˆ i) = Aˆ†P µ(M¯, j20 , Fˆ
i
0,∆Fˆ
i
0)Aˆ (207)
Jµν = Jµν(M, j2, Fˆ i,∆Fˆ i) = Aˆ†Jµν(M¯, j20 , Fˆ
i
0,∆Fˆ
i
0)Aˆ (208)
While the construction begins with representations having kinematic j2, Fˆ i
, and ∆Fˆ i, all of these operators acquire an interaction dependence in the
physical representation.
Tensor and spinor operator densities also play an important role in rel-
ativistic quantum mechanics. For example, the hadronic electroweak cur-
rent operators provide the coupling of the hadronic dynamics to electroweak
probes. In one-boson exchange approximations these current operators must
transform as 4-vector densities with respect to ISL(2, C)
Uˆ [Λ, Y ]Iµ[X ]Uˆ †[Λ, Y ] = Iν [ΛXΛ† + Y ]Λν
µ. (209)
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Because Uˆ [Λ, Y ] is an interaction dependent operator, the covariance condi-
tion (209) requires the existence of many-body contributions to the current.
This is understood by considering covariance condition
〈f ;m, j|Iµ[X ]|f ′;m′, j′〉 =
∫
dµ(f ′′)dµ(f ′′′)〈f ′′;m, j|Iν [ΛXΛ† + Y ]|f ′′′;m′, j′〉×
D∗m,jf ′′,f [Λ, Y ]Dm
′,j′
f ′′′,f ′[Λ, Y ]Λν
µ. (210)
In this expression the m and m′ in the D functions are physical mass eigen-
values. This expression fixes a general matrix elements in terms of a set of
independent current matrix elements and interaction (m) dependent coeffi-
cients. This is essentially the Wigner-Eckart theorem for ISL(2, C). In this
interpretation the interaction dependence arises because the Clebsch-Gordan
coefficients depend on the physical mass eigenvalues. This means that the
operators Iˆµ(X) necessarily have interaction dependent terms that depend
on the specific representation.
The result is that the representation of tensor and spinor densities is re-
lated to the representation of the dynamics. Changing the representation of
the dynamics by a cluster equivalence changes the representation of the inter-
action dependent parts of the tensor and spinor densities. This has important
implications for modeling electromagnetic probes of hadronic systems.
Dirac’s forms of dynamics are obtained for special basis choices. Specif-
ically, if the ISL(2, C) Wigner D functions, Dm,jf,f ′ [Λ, Y ], do not depend ex-
plicitly on m for a subgroup G of ISL(2, C), there are no interactions in the
generators of the subgroup. This depends on the choice of commuting op-
erators Fˆ i that are used to label vectors in ISL(2, C) irreducible subspaces.
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Cluster equivalences can be used to relate a general model to an equivalent
models in any of Dirac’s forms of dynamics.
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manuscript and would like to acknowledge the generous support of the US
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15 Appendix I
Examples of positive mass positive energy irreducible representations of ISL(2, C)
are constructed. The construction presented below is not as general as the
abstract construction given in section 5, but it is general enough to include
all of the representations that are commonly used in the literature.
Let f i(~p,m), i = 1, 2, 3 be three independent real valued functions of
the three momentum and the mass. Since the Mˆ and ~ˆP commute, these
three functions become commuting self-adjoint operators when m and ~p are
replaced by operators. Independence means that these functions can be
uniquely inverted to express ~p = ~P (f,m) where f denotes the three functions
f i. By the implicit function theorem this will be true provided the Jacobian
matrix
∂f i
∂pj
(211)
is invertible for any ~p and any m in the spectrum of Mˆ .
Define the operators
Fˆ i = f i( ~ˆP , Mˆ) (212)
for i = 1 to 3. Let L(p) be an arbitrary but fixed SL(2, C) valued function
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of p = (
√
m2 + ~p 2, ~p ) with properties
L(p)L†(p) =
1
m
σµp
µ (213)
L(p0)L
†(p0) = σ0 p0 := (m, 0, 0, 0). (214)
These equations mean that L(p) is an SL(2, C) representation of a Lorentz
boost. In general it can differ from the canonical (rotationless boost) by a
p-dependent rotation, R(p) ∈ SU(2):
L(p) = Lc(p)R(p) R(p0) = I. (215)
Given the function L(p) it is possible to define the SL(2, C) valued matrix of
operators L(Pˆ ) which is obtained by replacing p by the commuting operators
( ~ˆP , Mˆ).
For a given L(p) define the l-spin by
~ˆjl :=
1
2Mˆ
Tr
[
~σL(Pˆ )Wˆ µσµL
†(Pˆ )
]
(216)
where Wˆ µ is the Pauli Lubanski vector. Since Wˆ µ commutes with Pˆ ν , all
components of ~ˆjl commute with Fˆ
1, Fˆ 2, Fˆ 3. In addition, for any choice of
L(p) the components of ~ˆjl satisfy SU(2) commutation relations with jˆ
2
l =
jˆ2 = Wˆ 2/Mˆ2. Let Fˆ 4 = zˆ · ~ˆjl. The operators Fˆ 1, · · · Fˆ 4, Mˆ , jˆ2 define a
complete set of commuting self-adjoint operators.
Let f 10 = f
1(p0), f
2
0 = f
2(p0), f
3
0 = f
3(p0). By construction f
1
0 , f
2
0 , f
3
0
is invariant under rotations, although f does not transform like an SO(3)
vector. Let ~f denote the eigenvalues of Fˆ 1, Fˆ 2 and Fˆ 3 and µ denote the
eigenvalue of Fˆ 4. Define fΛ := f(~pΛ, m), where p
µ
Λ = Λ
µ
νp
ν . For fixed Λ, fΛ
is a function of f and m.
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Let |f0, µ; j,m〉 denote a rest eigenstate of Fˆ i, Mˆ , jˆ2 and let R be a SU(2)
rotation. Define rotations and translations on the rest states by:
Uˆ [R, 0]|f0, µ; j,m〉 :=
j∑
ν=−j
|f0, ν; j,m〉Djνµ(R) (217)
Uˆ [I, Y ]|f0, µ; j,m〉 := e−imy0 |f0, µ; j,m〉. (218)
Define states of arbitrary Fˆ by
|f, µ; j,m〉 := Uˆ [L(f), 0]|f0, µ; j,m〉
√
|∂f0
∂f
|. (219)
The expressions for Uˆ [R, 0] and Uˆ [I, Y ] are manifestly unitary. The factor√
|∂f0
∂f
| assures that Uˆ [L(f), 0] unitarity for states with a delta-function nor-
malization. These elementary relations determine a unitary representation
Uˆ [Λ, Y ] on any state by using the decomposition
Uˆ [Λ, Y ] = Uˆ [I, Y ]Uˆ [L(fΛ), 0]Uˆ [Rwl(Λ, f), 0]Uˆ [L
−1(f), 0] (220)
where
Rwl(Λ, f) := L
−1(fΛ)ΛL(f) (221)
is the l-spin Wigner rotation and L(f) is obtained from L(p) by replacing p
by p(f,m).
The irreducible representation in this basis follows as a consequence of
the above relations:
Uˆ [Λ, Y ]|f, µ; j,m〉 =
j∑
ν=−j
|fΛ, ν; j,m〉eip(~fΛ,m)·y
∣∣∣∣∣∂fΛ∂f
∣∣∣∣∣
1/2
Djνµ[Rwl(Λ, f)].
(222)
Taking matrix elements give the ISL(2, C) D-function
Dmjf ′f [Λ, Y ] = eip(~f
′,m)·yDjµ′µ[Rwl(Λ, f)]
∣∣∣∣∣∂fΛ∂f
∣∣∣∣∣
1/2
δ3(f ′ − fΛ). (223)
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The infinitesimal generators of ISL(2, C) in this representation can be
computed using (125-127). The results are:
Pˆ µ = pµ(~f,m) (224)
Jˆ j = iǫjkl
∂fm
∂pk
∂
∂fm
pˆl + (cˆjk1 (p) + iǫjlmcˆ
lk
2 (p)pˆ
m)jˆk (225)
Kˆj = −1
2
∂fm
∂pˆk
[∆fm, Hˆ]+ + i(cˆ
jk
1 (p)−Hcˆjk2 (p))jˆk (226)
where
cˆjk1 (p) =
1
2
Tr(L−1(pˆ)σjL(pˆ)σk) (227)
cˆjk2 (p) = Tr(L
−1(pˆ)
∂
∂pj
L(pˆ)σk). (228)
These equations can be inverted to obtain explicit expressions (133) for
∆fˆk in terms of the generators
∆fˆk = − i
2Hˆ
∂Hˆ
∂fk
− 1
Hˆ
[
∂pj
∂fk
(Kˆj − i(cˆjm1 (p)− Hˆcˆjm2 (p))jˆm)
]
(229)
for k = 1, 2 or 3. This expression reduces [23] to the Newton-Wigner position
operator when f i = pi and the l-spin is the canonical spin. The l-spin is given
as a function of the infinitesimal generators by (216). The partial derivatives
in this expression are computed with functions which are replaced by the
appropriate operators after the differentiation is performed.
The ∆f 4 for the spins are the raising and lowering operators
jˆl± := jˆlx ± ijˆly. (230)
This shows explicitly the equivalence between
{Hˆ, ~ˆP , ~ˆJ, ~ˆK} and {Mˆ, jˆ2, ~ˆF ,∆~ˆF}. (231)
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The basis choices illustrated above, while restrictive, include all of the basis
choices that lead to Dirac’s forms of dynamics. The general construction
yields a Dirac instant form of dynamics if f i are taken as the three compo-
nents of the linear momentum and Ll(p) is a canonical (rotationless) boost.
Dirac’s point-form dynamics is obtained if f i is taken as the three components
of the four velocity and Ll(p) is the canonical boost. A front form dynamics
is obtained if f i is taken as the three generators of translations tangent to a
light front and Ll is taken as corresponding the light front boost. Infinitely
many other choices of f i and Ll(p) are possible.
16 Appendix II
The Clebsch-Gordan coefficients for the representations in Appendix 1 can
be computed from the tensor product representation using the same methods
that were used to construct the single irreducible representations. The first
step is to decompose the tensor product representation of the “rest state”
into irreducible representation of SU(2). This requires generalized Melosh
rotations to ensure that all of the spins undergo the same rotations. The
irreducible representation are then boosted with the appropriate l-boost.
This generally leads to Wigner rotations. The general result is derived in
[29]. The resulting Clebsch-Gordan coefficients for this basis are:
〈~f1, µ1, ~f2, µ2|~f, µ;m, j, l, s〉 =
δ(~f − ~f(~f1, ~f2))δ(m−m(~f1, ~f2, m1, m2))
∣∣∣∣∣ ∂(f, k)∂(f1, f2)
∣∣∣∣∣
1/2
1
k
∂k
∂m
×
Dj1µ1µ′1
[Rwl(p, k1)Rml(k1)]D
j2
µ2µ′2
[Rwl(p, k2)Rml(k2)]×
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Y l(kˆ1(f1, f2))〈j1, µ1, j2, µ2|s, µs〉〈s, µs, l, µl|j, µ〉
where Lc(p) is the canonical boost and Ll(p) is a l-boost,
ki =
1
2
Tr(L−1l (p)p
µ
i · σµ(L−1l (p))†) (232)
and
Rwl(p, ki) := L
−1
l (pi)Ll(p)Ll(ki) (233)
Rmlc(ki) := L
−1
l (ki)Lc(ki). (234)
These are the Wigner and Melosh rotations associated with the l-boost.
The Racah coefficient for this choice of basis can be computed in terms
of four Clebsch-Gordan coefficients. It is simplest to compute the invariant
part of this coefficient by choosing p = (m, 0, 0, 0) and integrating the result
over SU(2). The Racah coefficients for the couplings ((12)(3)) → ((23)(1))
become:
〈~f ′, µ′;m′, j′, (12, 3)|~f, µ;m, j, (23, 1)〉 =
δj′jδµ′µδ(~f
′ − ~f)δ(m−m′) 1
2j + 1
∑
µf
×
[
8π2m12m23ω2(q
′
3 + q1)
k′1k2q
′
3q1ω1(k
′
1)ω2(k
′
1)ω2(k2)ω3(k2)ω12(q3)ω23(q1)
]
×
[
|∂(f
′
12, f
′
3)
∂(f ′, q′3)
||∂(f
′
12, k
′
1)
∂(f ′1, f
′
2)
||∂(f23, k2)
∂(f2, f3)
||∂(f23, f1)
∂(f, q1)
|
]1/2
×
〈j, µf |L′, µ′L, S ′, µ′S〉〈S ′, µ′S|j′12, µ′12, j′3, µ′3〉×
Dj12µ′
12
µ12
[Rmcl(−q′3)]Y L
′∗
µ′
L
(qˆ′3)〈j′12, µ12|l′, µ′l, s′, µ′s〉〈s′, µ′s|j′1, µ′1, j′2, µ′2〉Y l
′∗
µ′
l
(kˆ′1)×
Dj3µ′
3
µ3
[Rmcl(q
′
3)Rwl(−q1, k3)Rmlc(k3)]Dj1µ1µ′1 [Rmcl(k
′
1)R
−1
wl (−q′3, q′1)Rml(q1)]×
Dj2µ2µ′2
[Rmcl(k
′
2)R
−1
wl (−q′3, q′2)Rwl(−q1, k2)Rmlc(k2)]
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Y l∗µ′
l
(kˆ2)〈j2µ2j3µ3|sµs〉〈l, µl, s, µs|j23µ23〉Y LµL(qˆ1)×
Dj23µ23µ′23
[Rml(−q1)]〈j23µ23j1µ1|SµS〉〈L, µL, S, µS|jµf〉
where m is the three body invariant mass, mij are the invariant masses of
the ij and jk subsystems, w(k) are energies, and qi are the operators
qˆi := L
−1
l (pˆ)pˆi. (235)
17 Appendix III
To prove Theorem 1 first note that condition (82) implies
lim
t→±∞
‖Uˆ [I,−T ]
(
ΦˆA − Uˆ †[Λ, Y ]ΦˆAUˆA[Λ, Y ]
)
UˆA[I, T ]|ψ〉‖ = 0 (236)
which is equivalent to
Ω±(Hˆ, ΦˆA, HˆA) = Ω±(Hˆ, Uˆ
†[Λ, Y ]ΦˆAUˆA[Λ, Y ], HˆA). (237)
Since the Hamiltonian commutes with the linear and angular momentum
operators, it follows that if (Λ, A) is a rotation or translation this becomes
Ω±(Hˆ, ΦˆA, HˆA) = Uˆ
†[R, 0]Ω±(Hˆ, ΦˆA, HˆA)UˆA[R, 0] (238)
and
Ω±(Hˆ, ΦˆA, HˆA) = Uˆ
†[I, Y ]Ω±(Hˆ, ΦˆA, HˆA)UˆA[I, Y ]. (239)
For the case of a rotationless Lorentz transformation condition (237) im-
plies
Ω±(Hˆ, ΦˆA, HˆA) = Ω±(Hˆ, Uˆ
†[Λ, 0]ΦˆAUˆA[Λ, 0], HˆA). (240)
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The commutation relations imply
Uˆ †[Λ, 0]HˆUˆ [Λ, 0] = Λ0µPˆ
µ (241)
Uˆ †A[Λ, 0]HˆAUˆA[Λ, 0] = Λ
0
µPˆ
µ
A. (242)
It follows that
Uˆ †[Λ, 0]Ω±(Hˆ, ΦˆA, HˆA)UˆA[Λ, 0] =
Uˆ †[Λ, 0]Ω±(Hˆ, Uˆ [Λ, 0]ΦˆAUˆ
†
A[Λ, 0], HˆA)UˆA[Λ, 0] =
Ω±(Λ
0
µPˆ
µ, Φˆ,Λ0µPˆ
µ
A) (243)
which can be expressed as
Ω±(Λ
0
µPˆ
µ, ΦˆA,Λ
0
µPˆ
µ
A) = limt→±∞
eiHˆΛ
0
0t+iΛ0i PˆitΦˆAe
−iHˆAΛ
0
0t+iΛ0i PˆAit. (244)
Since Λ00 > 0 it is possible to redefine define t → t′ = Λ00t so the limit
t→ ±∞ is equivalent to the limit the t′ → ±∞. This gives
lim
t′→±∞
eiHˆt
′
Uˆ [I, At′]ΦˆAUˆA[I, At
′]e−iHˆAt
′
(245)
where
A =
Λ0i
Λ00
σi. (246)
Condition (83) then gives
lim
t′→±∞
eiHˆt
′
Uˆ [I, At]ΦˆAUˆA[I, At
′]e−iHˆAt
′
= Ω±(Hˆ, Φˆ, HˆA). (247)
Combining (243) and (247) gives
Ω±(Hˆ, ΦˆA, HˆA) = Uˆ
†[Λ, 0]Ω±(Hˆ, ΦˆA, HˆA)UˆA[Λ, 0]. (248)
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To complete the proof of Theorem 1 note that (238),(248), (248) imply
Uˆ [Λ, Y ]Ω±(Hˆ, ΦˆA, HˆA) = Ω±(Hˆ, ΦˆA, HˆA)UˆA[Λ, Y ] (249)
which is the intertwining relation of corollary 1. Corollary 2 follows by iden-
tifying (244) and (247).
It follows that
Uˆ †A[Λ, Y ]SˆUˆA[Λ, Y ] =
Uˆ †A[Λ, Y ]Ω
†
+(Hˆ, ΦˆA, HˆA)Ω−(Hˆ, ΦˆA, HˆA)UˆA[Λ, Y ] =
Ω†+(Hˆ, ΦˆA, HˆA)Uˆ
†[Λ, Y ]Uˆ [Λ, Y ]Ω−(Hˆ, ΦˆA, HˆA) = Sˆ. (250)
This completes the proof of Theorem 1.
To prove corollary 3 note that equation (86) is equivalent to
s− lim
s→±∞
[e−iMˆsΩ±(Hˆ, Φˆ, HˆA)− Φˆe−iMˆAs] = 0 (251)
The intertwining properties that follow from Theorem 1 give the strong limit:
s− lim
s→±∞
[(Ω±(Hˆ, Φˆ, HˆA)− Φˆ)]e−iMˆAs = 0. (252)
The proof that this holds on the dense set of asymptotic states with bounded
momentum follows the proof of theorem IX.23 of [41] (see also [42][43]). The
extension to the strong limit follows the argument in [2].
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To prove Theorem 4 let Cˆai be the scattering equivalence that maps Uˆai [Λ, Y ]
to the representation U˜ai [Λ, Y ] with kinematic Fˆ
i
aj
, ∆Fˆ iaj , jˆaj . Define
Cˆa := ⊗nai=1Cˆai (253)
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and
U˜a[Λ, Y ] := CˆaUˆa[Λ, Y ]Cˆ
†
a = ⊗nai=1(CˆaiUˆai [Λ, Y ]Cˆ†ai). (254)
By assumption, the representations Uˆa[Λ, A] and U˜a[Λ, A] have the same
scattering matrix elements, which are products of the single cluster scattering
matrix elements. In addition, because
(Iˆ − Cˆa)Uˆ0[I, T ] = ⊗nai=1(Iai − Cˆai)Uˆ0ai [I, T ] (255)
it follows that
lim
t→±∞
(Iˆ − Cˆa)Uˆ0[I, T ] = 0 (256)
which shows that Cˆa is a scattering equivalence on the N-body Hilbert space.
The representation U˜a[Λ, Y ] does not have kinematic Fˆi, ∆Fˆi or jˆ, even
though each factor of the tensor product has this property. The advantage
of the representation U˜a[Λ, Y ] is that it is scattering equivalent to a repre-
sentation U¯a[Λ, Y ] that has a kinematic Fˆ
i, ∆Fˆ i and jˆ.
To show this consider the structure of the single cluster H˜ai and M˜ai .
The Hamiltonian H˜a of the representation U˜a[Λ, Y ] is
H˜a :=
na∑
i=1
H˜ai ⊗ Iˆi (257)
where Iˆi is the identity on the remaining factors in the tensor product. The
mass operator M˜a is a function of the commuting operators M˜ai ⊗ Iˆi and
~˜P ai ⊗ Iˆi. Corollary 3 of Theorem 1 give mild conditions on the interactions
for H˜a and M˜a to lead to the same S-matrix.
The matrix elements of M˜ai ⊗ Iˆi in the tensor product of na free particle
irreducible representations have the form
〈⊗j(fj, dj;mj , jj)|M˜ai ⊗ Iˆi| ⊗k (f ′k, d′k;m′k, j′k)〉 =
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δ[fi, f
′
i ]δjij′i〈di, mi‖M˜ jiai‖d′i, m′i〉×∏
k 6=i
δ[fk, f
′
k]δ[dk, d
′
k]δjkj′kδ(mk −m′k). (258)
An irreducible free particle basis for the N -body system can be con-
structed by successive use of the ISL(2, C) Clebsch-Gordan coefficients to
decompose the basis | ⊗j (fj, dj(mj , jj))〉 into a direct integral of irreducible
representations. What is relevant for the proof of this theorem is that the
variables mi, di and ji that appear in the kernel 〈di, mi‖M˜ jiai‖d′i, m′i〉 of M˜aj
are degeneracy parameters in this representation.
In order to be precise assume that the irreducible free particle basis is
obtained by successively coupling clusters in the order (· · · (((12)3)4) · · ·na).
In addition, at each stage in the coupling define qˆi as the solution to
Mˆ0(···(12))3)···i+1) =
√
qˆ2i + Mˆ
2
0(i+1) +
√
qˆ2i + Mˆ
2
0(···(12))3)···i). (259)
The operators qˆi are alternate labels for the kinematic invariant masses
Mˆ0(···(12))3)···i).
Define the single cluster mass operators M¯ai in this irreducible represen-
tation
〈f, d;m, j|M¯ai|f ′, d′;m′, j′〉 =
δ[f, f ′]δ[j, j′]δjij′i〈di, mi‖M˜ jiai‖d′i, m′i〉×
JJ ′
∏
k 6=i
δjkj′kδ(mk −m′k)
na∏
l=1
(ql − q′l)δrlr′l (260)
where the ql’s are considered functions of the kinematic invariant masses,
the rl are degeneracy parameters that result when particle l is coupled to the
irreducible (1 · · · l − 1) system, and J and J ′ are Jacobians
J = | ∂(q1 · · · qna−1)
∂(m(12) · · ·m0(···((12)···(na)
)|1/2. (261)
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The three important observations about this definition are
• The non-trivial part of this kernel is identical to the non-trivial part of
the kernel of M˜ai in the tensor product representation (258).
• Each M¯aj commutes with Fˆ i0, ∆Fˆ i0, jˆ0
• [M¯ai , M¯aj ] = 0
The relations (259) can be inverted to express the free mass as a function
of the free single cluster mass operators and the qi’s:
Mˆ0 = M(Mˆ01, · · · , Mˆ0na , qˆ1, · · · , qˆna−1) (262)
The commutation relations allow the definition:
M¯a := M(M˜a1 , · · · , M˜ana , qˆ1, · · · , qˆna−1) (263)
where the qˆi’s in (263) are identical to the non-interacting qˆi’s in (262). By
construction M¯a commutes with Fˆ
i
0, ∆Fˆ
i
0, jˆ0. Simultaneous eigenstates of
M¯a, Fˆ
i
0 and j0 transform as mass M¯a spin j0 irreducible representations of
ISL(2, ). This defines the representation U¯a[Λ, Y ].
In order to construct a scattering theory we need to define a suitable
injection operator to the asymptotic Hilbert space for Mˆa. The channel
injection operator for the representation U˜a[Λ, Y ] is the tensor product of
irreducible eigenstates
Φ˜α = |f1, α1, · · · , fna, α1〉. (264)
The corresponding channel injection operator for the representation U¯a[Λ, A]
is defined as the simultaneous eigenstates of M¯a, jˆ
2
0 , Fˆ
j
0 , qˆi0, rˆi, and M˜ai
71
corresponding the same bound states of the M˜ai :
Φ¯α = |f, j0, q1, · · · , qna−1, r1, · · · , rna−1, α1 · · ·αna〉. (265)
These differ by the delta functions that multiply the cluster eigenfunctions.
With this definition it follows that
Ω¯a± := Ω±(M¯a, Φ¯Aa, HAa) (266)
exist and are complete. The scattering operator
S¯a = Ω¯
†
a+Ω¯a− = δj0j′0δ[f, f
′]
na−1∏
i=1
δ(qi − q′i)δ[ri, r′i]
∏
i
δjij′iSˆai (267)
is identical to S˜a if the Clebsch-Gordan coefficients are used to replace the
irreducible spectator variables by the single cluster fi, ji’s. The equivalence
follows because the S matrix elements are determined by the single cluster
mass operators, which have identical reduced kernels in representations (258)
and (260).
This establishes that the representations U˜a[Λ, Y ] and U¯a[Λ, Y ] give the
same scattering matrix elements. By Theorem 3 they are scattering equiva-
lent. Let Dˆa be the scattering equivalence that relates these two representa-
tions:
U¯a[Λ, Y ] = DˆaU˜a[Λ, Y ]Dˆ
†
a. (268)
It follows from (254) and (268) that
U¯a[Λ, Y ] = BˆaUˆa[Λ, Y ]Bˆ
†
a (269)
where
Bˆa := DˆaCˆa. (270)
The operator Bˆa is a scattering equivalence since it is a product of scattering
equivalences. This completes the proof of Theorem 4.
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